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Abstract 

We compute logarithmic corrections to the entropy of supersymmetric extremal black holes 
in A/" = 4 and A/" = 8 supersymmetric string theories and find results in perfect agreement with 
the microscopic results. In particular these logarithmic corrections vanish for quarter BPS 
black holes in A/" = 4 supersymmetric theories, but has a finite coefficient for 1/8 BPS black 
holes in the A/" = 8 supersymmetric theory. On the macroscopic side these computations require 
evaluating the one loop determinant of massless fields around the near horizon geometry, and 
include, in particular, contributions from dynamical four dimensional gravitons propagating in 
the loop. Thus our analysis provides a test of one loop quantum gravity corrections to the black 
hole entropy, or equivalently of the AdS2/CFTi correspondence. We also extend our analysis 
to A/" = 2 supersymmetric STU model and make a prediction for the logarithmic correction to 
the black hole entropy in that theory. 
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1 Introduction 

Wald's formula gives a generalization of the Bekenstein-Hawking entropy in a classical theory 
of gravity with higher derivative terms, possibly coupled to other matter fields [l:-,4j- In the 
extremal limit the near horizon geometry contains an AdS2 factor, and Wald's formula leads 
to a simple algebraic procedure for determining the near horizon field configurations and the 
entropy [5l|6]. A proposal for computing quantum corrections to this formula was suggested 
in [?]. In this formulation, called the quantum entropy function formalism, the degeneracy 
associated with the black hole horizon is given by the string theory partition function ^yid52 
the near horizon geometry of the black hole. Such a partition function is divergent due to the 
infinite volume of AdS2, but the rules of AdS2/CFTi correspondence gives a precise procedure 
for removing this divergence. While in the classical limit this prescription gives us back the 
exponential of the Wald entropy, it can in principle be used to systematically calculate the 
quantum corrections to the entropy of an extremal black hole. 

Given this prescription one would like to test this by comparing with some microscopic 
results. For A/" = 8 supersymmetric string theories obtained by compactifying type II string 
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theory on and a class of A/" = 4 supersymmetric string theories obtained by compactifying 
type II string theory on x and its various orbifolds, the exact formula for the micro- 
scopic index is known [81-I23]. Furthermore it has been argued in [241 [25] that for extremal 
supersymmetric black holes preserving four supercharges the black hole entropy also gives the 
index, and hence can be directly compared with the microscopic index. Thus these theories 
provide us with an ideal ground for testing the macroscopic formula for the black hole entropy. 

The microscopic formula for the index in these theories shows that in the limit in which all 
the components of the charge are large, the logarithm of the index is given by [9|[T3t[T8] 

5™ = TTV^ + for AT = 4, (1.1) 

and [26] 

^micro = vrVA- 2 In A + C(1) for A/" = 8 , (1.2) 

where in both theories A is the unique quartic combination of the charges which is invari- 
ant under all the continuous duality transformations. Using the equality between index and 
degeneracy for a black hole, eqs.f ll.ip . (11. 2p should be equal to the entropies of the correspond- 
ing black holes. Now for a classical black hole solution carrying these charges, the radius of 
curvature a of the near horizon AdS2 x 5*^ geometry is related to A via 

yA = aVGAr, (1.3) 

where is the four dimensional Newton's constant. Thus the leading contribution 7r-\/A = 
Ana^ IAGn is the classical Bekenstein-Hawking entropy [27p8] . This leads to a natural question: 
can we reproduce the logarithmic corrections from the macroscopic side^l] 

This question was partially analyzed in [16] where it was argued that such corrections, 
if present, must arise from one loop quantum correction to ZAdS2 due to massless fields of 
the supergravity theory. The stringy modes, massive Kaluza-Klein excitations along compact 
directions and/or higher derivative corrections to the effective action play no role in this analysis 
and can be safely ignored. Furthermore [IS] computed the contribution to ZAdS2 "^^^ to the 
massless matter multiplets in A/" = 4 supersymmetric string theories, and found that the net 
contribution vanishes, in agreement with the fact that the result (II. ip is independent of the 
number of matter multiplets in the theory. In this paper we complete the computation by 
including the contribution from the gravity multiplet of A/" = 4 supersymmetric theories and 

^Earlier approaches to computing logarithmic corrections to black hole entropy can be found in [29ll45) . 
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also extend the analysis to A/" = 8 supersymmetric string theories. In both cases our results 
are in perfect agreement with the microscopic results (11. ip and (11. 2p . Since the computation 
on the macroscopic side involves one loop determinant of dynamical gravitons propagating 
on AdS2 X 5*^, our results can be taken as a non-trivial confirmation of quantum gravity 
contribution to the black hole entropy, or equivalently of AdS2/CFTi correspondence [7] on 
which the prescription for computing quantum corrections to the entropy is based ^ 

We would like to emphasize that the limit of charges we consider is different from the Cardy 
limit which, in the present context, would amount to taking one of the charges representing 
momentum along a compact direction to infinity keeping the other charges fixed. This was 
studied in detail in p5]. The coefficient of the log A term in this limit can also be read 
out from the general expression for the microscopic entropy, and is given by —2 for A/" = 8 
supersymmetric string theory, and — (m + 2)/4 for A/" = 4 supersymmetric string theories, m 
being the total number of matter multiplets in the theory. Thus for type IIB string theory on 
K3 X the coefficient will be -(22 + 2)/4 = -6. 

Since our analysis will be somewhat technical we shall now give a brief description of our 
analysis and the results. The one loop contribution to ZAdS2 arises from two sources. First, 
the integration over each eigenmode of the kinetic operator carrying non-zero eigenvalue gives 
a contribution to ^^1^52 through the determinant of the kinetic operator. The logarithm of this 
determinant can be expressed as integral over the proper time parameter s, with the integrand 
given by the trace of the heat kernel [SniEl] after removing the contribution due to the zero 
modes. This typically will be proportional to the infinite volume of AdS2 x S*^ and hence is 
apparently infrared divergent. But we use the trick of [3152] to express the AdS2 volume as 
ci/3 -|- C2 where ci and C2 are finite constants and (3 is the (divergent) length of the boundary. 
The coefficient of (3 can be absorbed into a redefinition of the ground state energy and the /3 
independent term gives the correction to the black hole entropy Sbh- This leaves us with an 
infrared finite contribution to the entropy. There is also ultraviolet divergence which comes 
from the lower limit of integration of the parameter s. This is regulated by setting the lower 
limit of s integration to be the string scale l'^. The resulting integration over s goes as ds/s in 
the range « s « where a is the radius of curvature of AdS2 and S*^. This gives a term 
of order ln(a^//^) which can be reinterpreted as In a/A using (II. 3p . 



^The analysis of [47H49] for partition function of (super-) gravity and higher spin theory in AdSs also 
includes the effect of graviton loops. However in 3 dimensions there are no dynamical degrees of freedom in 
the graviton and hence only the boundary modes associated with asymptotic symmetries contribute to the 
partition function. 
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The theory 


non-zero mode contribution 


zero mode contribution 


total contribution 


J\f = A 


i(6 + m) In A 


-\{6 + m) In A 





AT = 8 


51nA 


-7 In A 


-2 In A 


STU model 


21nA 


-hi A 


In A 



Table 1: The logarithmic correction to the black hole entropy in A/" = 4 and Af = 8 supersym- 
metric string theories in four dimensions and the STU model. We have displayed separately 
the contributions from the non-zero modes and the zero modes, m denotes the number of 
matter multiplet fields in the A/" = 4 supergravity theory. The difference between the zero 
mode contributions in the different theories arise solely due to the different number of gauge 
fields they have, - the contributions from the graviton and gravitino zero modes cancel in all 
the theories. 

The other source of logarithmic corrections is the integration over the zero modes. These 
zero modes represent eigenmodes of the kinetic operator with zero eigenvalues and arise due 
to the asymptotic symmetries of the euclidean near horizon geometry. To find the result of 
integration over these zero modes we first make a change of integration variable from the zero 
modes to parameters labelling the supergroup of asymptotic symmetries. The supergroup 
is parametrized in a way that its volume is manifestly independent of a, - the radius of 
curvature of AdS2 and S"^. Thus the net a dependence of the zero mode integration arises from 
the Jacobian associated with the change of variables from the field modes to the supergroup 
parameters. The a dependence of the Jacobian can be calculated explicitly and leads to 
additional corrections to the entropy proportional to Inajf] 

For both A/" = 4 and N' = 8 supergravity theories we find that the final results of the 
macroscopic analysis, after adding up the contribution from the zero mode and the non-zero 
mode integration, are in perfect agreement with the microscopic results ( II. ip and (II. 2p . Even 
for the A/" = 4 supersymmetric theory where the net contribution vanishes, the individual 
contributions from the zero modes and the non-zero modes are non-trivial. This has been 
illustrated in tabled] where we have displayed separately the contributions from the zero modes 

^The left-over integration over the supergroup includes integration over both, fcrmionic and bosonic modes. 
With the help of localization [53lf56] it can be shown that the infinite contribution from integration over the 
bosonic variables cancel the zero contribution due to integration over the fermionic modes, leaving behind a 
finite result 54, . 
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and the non-zero modes. 

Our analysis can also be extended to compute the logarithmic correction to the entropy of 
half BPS black holes m M = 2 supersymmetric STU model [57l[58]. The low energy effective 
action of this theory is a truncation of the A/" = 4 supergravity theory, and furthermore the 
black hole of the A/" = 4 supergravity theory for which we carry out the analysis can be 
embedded in this theory. Thus eigenmodes and the eigenvalues of the kinetic operator in 
the near horizon geometry of the black hole solution in the STU model are a subset of the 
corresponding eigenmodes and eigenvalues in the = 4 supersymmetric string theory. As 
a result the coefficient of the In A term in the STU model can be found by examining the 
contribution to the logarithmic correction to A/" = 4 black hole entropy from this subset. From 
this we arrive at the following prediction for the asymptotic growth of black hole entropy in 
the STU model: 

7rVA + lnA + C»(l). (1.4) 

This logarithmic correction is in apparent violation of the proposal of [59] for the index of 
half BPS states in the STU model, and more generally, with the one loop correction to OSV 
integral [60] proposed in [61]. However (11. 4p is consistent with the measure proposed in [62j if 
we assume that this formula is valid for weak topological string coupling. 

The rest of the paper is organized as follows. In ^ we review some results on the eigen- 
functions and eigenvalues of the Laplacian operator in AdS2 x S*^ acting on fields carrying 
different spins. ^ we review the general procedure for computing the logarithmic correction 
to the black hole entropy. ^ we describe the action, to quadratic order, of the fiuctuations 
of the gravity multiplet fields of A/" = 4 supergravity around the near horizon geometry of the 
black hole. Most of the results in these sections were already discussed in [16]. ^ ^ ^ ^ 
and §9] contain the new results. In ^ we compute the contribution to the heat kernel (and 
hence to the logarithmic correction to the entropy) due to the bosonic non-zero modes of the 
gravity multiplet of the Af = 4 supergravity theory. ^ contains the contribution from the 
fermionic non-zero modes of the gravity multiplet of the A/" = 4 supergravity theory. In ^ we 
augment the results by computing the contribution due to the integration over the zero modes, 
and show that the net contribution to the coefficient of In A vanishes. In ^ we include the 
contribution due to the extra fields which are present in the A^ = 8 supergravity theory and 
show that they give the result —2 In A. These results are in agreement with the microscopic 
results (11.11) and (11.21) . In ^we compute logarithmic corrections to the black hole entropy in 
the STU model leading to fOjl . 
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We conclude this introduction by commenting on the method we use to compute the heat 
kernel, and an alternative. We compute the heat kernel by explicitly constructing the eigen- 
states and eigenvalues of the kinetic operator in the near horizon geometry, but we could 
also compute the relevant terms by simply computing the one loop contribution to the trace 
anomaly in the near horizon geometry [SUIEI]- Indeed in the presence of background grav- 
itational field the contribution to the heat kernel in supersymmetric theories was computed 
in [631466] . In order to apply it to the present problem we either need to repeat the analysis in 
the presence of background gauge fields, or use supersymmetry to determine the possible struc- 
ture of the one loop counterterms and hence the trace anomaly. Neither of this is completely 
straightforward. Furthermore the trace anomaly method includes the contribution from the 
zero modes as well which, as we have described, need to be analyzed separately. Thus even if 
we use the trace anomaly methods for computing the heat kernel, we need to find separately 
the zero modes of the kinetic operator, remove their contribution from the heat kernel and 
then separately evaluate their contribution to the entropy. To whatever extent we have tested, 
the two methods lead to the same result. 

2 Eigenfunctions of Laplacians on AdS2 and 5*^ 

In this section we shall review the results on eigenfunctions and eigenvalues of the Laplacian 
operator □ = g^^^D^Di, on AdS2 and S"^ for different tensor and spinor fields. These have been 
studied extensively in [67H70] . and also discussed in the context of near horizon geometry of 
black holes in [16]. We consider the background AdS2 x S*^ space with a metric of the form: 

ds'^ = a'^{drf + sinh^ r/d^2) ^_ ^Sj^^^s ^ ^^-^^ ^dcp'^) . (2.1) 

We shall denote by x*" the coordinates (r^, 9) on AdS2 and by the coordinates {ip, 0) on S"^ 
and introduce the invariant antisymmetric tensors Safi on S"^ and Smn on AdS2 respectively, 
computed with the background metric (12. ip : 

= '^^ sin?/^. End = sinhr/. (2.2) 

All indices will be raised and lowered with the background metric g^y defined in (12. ip . 

We shall first review the construction of the eigenstates and eigenvalues of the Laplacian 
acting on individual fields in AdS2 and 5*^ separately. First consider the Laplacian acting 
on the scalar fields. On S"^ the normalized eigenfunctions of — □ are just the usual spherical 
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harmonics Yim{ip, with eigenvalues l{l + On the other hand on AdS2 the (5-function 

normahzed eigenf unctions of — □ are given by psj^ 



hAv,o) 



1 



1 



T{iX + l+\£\) 



e^^^inhlS 



F[iX+^ + \il-tX + ^ + \i\; \i\ + 1; - sinh^ | 



< A < oo 



(2.3) 



with eigenvalue (| + A^) /a^. Here F denotes hypergeometric function. 
The normalized basis of vector fields on S'^ may be taken as 



: daUk, 



'a/3 



(2.4) 



where {Uk} denote normalized eigenfunctions of the scalar Laplacian with eigenvalue \ The 
basis states given in fl2.4p have eigenvalue of — □ equal to ki"* — a -2. Note that for nf^ = 0, 
I.e. for / = 0, ?7fc is a constant and dmUk vanishes. Hence these modes do not exist for / = 0. 
Similarly a normalized basis of vector fields on AdS2 may be taken as 

1 „ 1 



dmWk 



{k) 



(k) 

1^2 



(2.5) 



where Wk are the 5-function normalized eigenfunctions of the scalar Laplacian with eigenvalue 
The basis states given in (12. 5p has eigenvalues of — □ equal to k,^2^ + a~^. There are also 
additional square integrable modes of eigenvalue a~^, given by 



A = d<l>. 



271 



sinhi] 
1 + cosh rj 



±1,±2,±3, ■■ 



(2.6) 



These are not included in (12. 5p since the $ given in (12. 6p is not normalizable. given in 
( 12. 6p is self-dual or anti-self-dual depending on the sign of i. Thus we do not get independent 
eigenfunctions from *d^. However we can also work with a real basis in which we take dRe{^) 
and dlm{^) oc *dRe{^) as the independent basis states for i > 0. 



^Although often we shall give the basis states in terms of complex functions, we can always work with a 
real basis by choosing the real and imaginary parts of the function. 



8 



A similar choice of basis can be made for a symmetric rank two tensor representing the 
graviton fluctuation. For example on S'^ we can choose a basis of these modes to be 

4= gapUk, ^ = [Da^p + Dpia, - D^^^ g^^] , (2.7) 

where C,a denotes one of the two vectors given in (12.41) . Note that for k^^^ = 2a~^, i.e. for / = 1, 
the second set of states given in (12.71) vanishes since the corresponding C,aS label the conformal 
Killing vectors of the sphere. 

On AdS2 the basis states for a symmetric rank two tensor may be chosen as 
1 1 



r- nmn" Hi I 

V2 . /or.W 



2U):' + 2a 



-2^ 



Dm^n ~l~ ^n^m D ^pgmn y (2. 



where denotes one of the two vectors given in (12. 5p . or the vector given in (12.61) . Besides 
these there is another set of square integrable modes of eigenvalue 2a"^ of — □, given by [6H] 



2 



1 / (smh 77)1^1 ^ 2 ^ 2 z sinh ri dridO - sinh' ri dO^ 

(1 + coshr/)l^l ^ ' ' ' ' 



£ e ^, \i\>2. (2.9) 

Locally these can be regarded as deformations generated by a diffeomorphism on AdS2, but 
these diffeomorphisms themselves are not square integrable. 

We can construct the basis states of various fields on 74^5*2 x by taking the product of 
the basis states on S"^ and AdS2. For example for a scalar field the basis states will be given 
by the product of Yim{ip, 4>) with the states given in (12.31) . and satisfy 

□ fxAv, 0) Yi^ii^, 0) = -1 |/(/ + 1) + A2 + i| /,,fc(r7, 9) YU^, 0) . (2.10) 

For a vector field on AdS^ x S'^ the basis states will contain two sets. One set will be given 
by the product of yjm(V',0) and (12. 5p or (12. 6p . The other set will contain the product of the 
functions (12.31) on AdS^ and the vector fields (12. 4p on S'^ . 

Finally we turn to the basis states for the fermion fields. Consider a Dirac spinoj^l on 
AdS2 X S"^. It decomposes into a product of a Dirac spinor on AdS2 and a Dirac spinor on S"^. 
We use the following conventions for the vierbeins and the gamma matrices 

e° = a sinh 77^6*, e^=adr], = a sintp dcp, e^ = adip, (2-11) 



^Even if the spinors satisfy Majorana/Weyl condition, we shall compute their heat kernel by first computing 
the result for a Dirac spinor and then taking appropriate square roots. 
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7° = -0"3®T-2, 7^=cr3(g)ri, 7^ = -cr2 O /2, 7^ = cri(8)/2, (2.12) 

where CTj and Xj are two dimensional Pauli matrices acting on different spaces and /2 is 2 x 2 
identity matrix. In this convention the Dirac operator on 74^5*2 x S"^ can be written as 



pAdSixS^ =-^52 + CTS ^AdS2 



where 



and 



= 



pAdS2 — 



-a^ . , c)<A + + ]-a^ cot ip 
sm ip 2 



-2 -^de + 9„ + ^ coth r] 
smh ?7 2 



(2.13) 
(2.14) 
(2.15) 



First let us analyze the eigenstates of ^52 . They are given by [TT] 
1 



74 



-m)\{l + m + l)\ 



/! 



74 



i sm 2 2^l-m 

± sin"^ I C0S-+1 fp/rr""'^ (cos ^) y 



vra^ 



/! 



sm -J cos 

m+l 

2 



±i sin 



2M-m (COS^) 

|cos-fp/rr'™^(cos^) 



l,m^ TL, / > 0, < m < / , 



satisfying 



^52xt = ±^ (/ + 1) xt^ , V>s-tm = ±^ + 1) Vt 
Here P^'^{x) are the Jacobi Polynomials: 



2"n! 



(1 - x)-"(l + x)-^^ [{1 - x)"+"(l + x)^+"] 



xf^ and T]f^ provide an orthonormal set of basis functions, e.g. 



I (xtm) ^ Xv,m' sin ^d^d(l) = 5w5„ 



(2.16) 
(2.17) 

(2.18) 
(2.19) 



52 



etc. 



The eigenstates of pAdS2 ^"^^ given by the analytic continuation of the eigenstates given in 
fl2.16p [7T] . making the replacement ip ^ irj, I ^ —i\ — 1, 



X^(A) 



74 



r(l + A; + iA) 



gi(/=+i)6 

r(A; + i)r(i + a) 

^ cosh'= 2 sinh*^+^ (A; + 1 + iA, + 1 - a; A; + 2; - sinh^ 
± cosh'^^^ 2 sinh'^ IF {k + l+i\k + l-iX]k + l;- sinh^ 
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■Ik V'V 



f cosh'=+^ I sinh'^ IF {k + l + i\k + l-i\;k + l-- sinh^ f ) \ 
V ±z cosh'= 2 sinh'=+^ IF {k + l + i\,k + l-i\;k + 2;- srf 2) J ' 

k e TL, < k < oo, 0<A<oo 



satisfying 



X^(A) and (A) provide an orthonormal set of basis functions on AdS2, e.g. 

smhr]dr]de (x^(A))t x^,(A') = 6,k'5iX - A') , 



(2.20) 



(2.21) 



(2.22) 



etc. 



The basis of spinors on AdS2 x 5*^ can be constructed by taking the direct product of 
the spinors given in (12.161) and (I2.20p . Suppose that ipi denotes an eigenstate of Ps^ with 
eigenvalue i(i and ip2 denotes an eigenstate of IZ>AdS2 with eigenvalue i(2- 



(2.23) 



We have Ci = ^(^ + 1) C2 = ^A. Since a-s anti-commutes with ps2 and commutes 
with ]pAdS2i we have, using (I2.13p . 



^AdSa x52 ^/'l ® ^2 = Kli^l ® ^^2 + <20-3 V^l ® ^2 , 
-^Ad52 x52 CTS ^1 ® ^"2 = <2 V"! ® ^"2 - <lCr3 V"! ® ^"2 ■ 



(2.24) 



Diagonalizing the 2x2 matrix we see that pAdS2xs^ has eigenvalues ±*a/Ci + Cl- Thus the 
square of the eigenvalue of pAdS2xs'^ is given by the sum of squares of the eigenvalues of pAdS2 
and ps^- 

By introducing the 'charge conjugation operator' C = (J2 ® ti and defining ip = ip'^C, we 
can express the orthonormality relations f l2.19p . (I2.22p as 



d^x ^/detg (x/^™ ® xtW) {Vv-m' ® Vk'i^')) = « ^M"^m,m"^fc,fc'5(A - A') 



(2.25) 
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etc. This is important since eventually we shall be dealing with fields satisfying appropriate 
reality conditions for which will be defined as ip'^C as far as the SO {A) Clifford algebra 
associated with 74^5*2 x 5*^ is concerned (see (14.80 ). 

In our analysis we shall also need to find a basis in which we can expand the Rarita- 
Schwinger field ^ ^. Let us denote by x the spinor ipi ® 1^2 where ipi and ip2 are eigenstates 
of and pAdS2 with eigenvalues i(i and i(2 respectively. Then a (non-orthonormal set of) 
basis states for expanding on AdS2 x S'^ can be chosen as follows: 

= 7aX, = , 

v|> = n V vi/ = n 

^„ = 0, ^^ = DmX- (2.26) 

By including all possible eigenstates x of Ps^ and pAdS2 we shall generate the complete set of 
basis states for expanding the Rarita-Schwinger field barring the subtleties mentioned below. 

There are two additional points which will be important for our analysis. First of all we 
have the relations 

DaXofi = ±^ laxifl^ Dc^Vofi = ±^ 1clVo,o ■ (2-27) 

Thus if we take x = ^1 ® V'2 where ipi corresponds to any of the states Xo ^0^0 ' "^2 is 
any eigenstate of pAdS2i then the basis vectors appearing in fl2.26p are not all independent, - 
the modes in the third row of fl2.26p are related to those in the first row. The second point is 
that the modes given in fl2.26p do not exhaust all the modes of the Rarita Schwinger operator; 
there are some additional discrete modes of the form 

d^^^ = i^i® ± ^^37m^ Xfc (0, = i^i® {d^ ± ^^37m^ r/fc^(z), /c = 1, ■ ■ • 00 , 

(2.28) 

where xtW ^^"^ VkW have been defined in (12.201) . Since x^ (^) and ri'^{i) are not square 
integrable, these states are not included in the set given in (I2.26p . However the modes described 
in ( I2.28P are square integrable and hence they must be included among the eigenstates of the 
Rarita-Schwinger operator. These modes can be shown to satisfy the chirality projection 
condition 

T^(Drn± ^^37m j Xfc (0 = " f ± ^^37m j Xfc (0, 
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rg I^Dm ± ^CT37m^ r/fc («) = (^Drr, ± ^CTs-f^ 7]^ (i) . (2.29) 

3 Logarithmic correction to the black hole entropy 

In this section we shall review the general procedure for computing the logarithmic correction 
to the extremal black hole entropy. Suppose we have an extremal black hole with near horizon 
geometry AdS2 x S"^, with equal radius of curvature a of AdS2 and S"^. Then the Euclidean 
near horizon metric takes the form given in (12.11) . As in [46j, we shall make use of the flat 
directions of the classical entropy function to choose the near horizon parameters such that a 
is the only parametrically large number, all other parameters e.g. the string coupling or the 
size of the compact space remains fixed as we take the large charge limit. Let ZAdS2 denote 
the partition function of string theory in the near horizon geometry, evaluated by carrying out 
functional integral over all the string fields weighted by the exponential of the Euclidean action 
S, with boundary conditions such that asymptotically the field configuration approaches the 
near horizon geometry of the black hole|^ Then AdS2/CFTi correspondence tells us that the 
full quantum corrected entropy Sbh is related to ZAdS2 [71124]: 

^SsH-EoP = Za,s2 , (3.1) 

where Eq is the energy of the ground state of the black hole carrying a given set of charges, 
and P denotes the length of the boundary of AdS2 in a regularization scheme that renders the 
volume of AdS2 finite by putting an infrared cut-off r] < rj^. Let AC^ff denote the one loop 
correction to the four dimensional effective lagrangian density evaluated in the background 
geometry (12. ip . Then the one loop correction to ZA_dS2 is given by 



exp 



a/ det g drj dO dip dcp AC^f / 



exp [Stt^ (cosh r/o - 1) A£e//] • (3.2) 



The term proportional to coshr^o in the exponent has the interpretation of —^AEq + O {f3 ^ 
where f3 = 2'7rasinh77o is the length of the boundary of AdS2 parametrized by 6 and AEq = 



—ATTa^ACeff is the shift in the ground state energy. The rest of the contribution in the 



^Since in AdS2 the asymptotic boundary conditions fix the electric fields, or equivalently the charges carried 
by the black hole, and let the constant modes of the gauge fields to fluctuate, we need to include in the path 
integral a boundary term exp(— i § qkA^/!^^ dx^) where are the gauge fields and qk are the corresponding 
electric charges carried by the black hole ,7 . This term plays a crucial role in establishing that the classical 
contribution to the black hole entropy computed via (j3.ip gives us the Wald entropy, but will not play any role 
in the computation of logarithmic corrections. 
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exponent can be interpreted as the one loop correction to the black hole entropy [71[2l]. Thus 
we have 

ASbh = -STT^a^ A Ceff . (3.3) 

While the term in the exponent proportional to (3 and hence AEq can get further corrections 
from boundary terms in the action, the finite part ASbh is defined unambiguously. This 
reduces the problem of computing one loop correction to the black hole entropy to that of 
computing one loop correction to Ceff. We shall now describe the general procedure for 
calculating A£e//- 

The near horizon geometry of the black hole has background flux of various electromagnetic 
fields through S"^ and AdS2- In this section we shall ignore the effect of this background flux, 
leaving the full problem for later sections. Then the dynamics of various fields is controlled 
essentially by their coupling to the background metric (12. ip . First consider the case of a 
massless scalar field. If we denote the eigenvalues of the scalar laplacian by {—Hn} and the 
corresponding normalized eigenfunctions by /„(a;) then the heat kernel K^{x, x'; s) of the scalar 
Laplacian is defined as (see [50|[5T] and references therein) 

K\x,x'; s) = J2 e-^-'fnix) /„(x') . (3.4) 

n 

The superscript s on reflects that the laplacian acts on the scalar fields. In ( 13. 4p we have 
assumed that we are working in a basis in which the eigenfunctions are real; if this is not the 
case then we need to replace fn{x') by fn{x'). The contribution of this scalar field to the one 
loop effective action can now be expressed as 



[x,x]s), (3.5) 



where g^y is the AdS2 x 5*^ metric and e is an ultraviolet cut-off. Identifying this as 
/ d^Xy/Seig ACeff we get 

1 ds 

ACeff = - -jK^{0;s), (3.6) 

where K'^{0;s) = K'^{x,x; s). Note that using the fact that AdS2 and S"^ are homogeneous 
spaces we have dropped the dependence on x from K'^{x,x; s). 

For higher spin fields the field will carry an extra index (say a). Then we can define the 
heat kernel Kab{x,x'; s) by generalizing (13. 4p and the contribution to AC^ff from these fields 
will be given by 

1 f°° ds 

- / — Kaa{x,x;s) . (3.7) 
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For notational simplicity we shall refer to Kaa as the heat kernel and denote it by K, but it 
should be kept in mind that for higher spin fields this refers to the trace of the heat kernel. 
For fermions there will be an extra minus sign since the fermionic integral produces a positive 
power of the determinant. We shall choose the convention in which this extra factor is absorbed 
into the definition of K. Also the fermionic kinetic operator is linear in derivatives; we shall 
find it convenient to define the heat kernel using the square of the fermionic kinetic operator, 
and then include an extra factor of half in the definition of K to account for the final square 
root that we need to take. 

Let us now return to the computation of K^{0] s). It follows from (13. 4p and the fact that 
nyid52x52 = □yids'2 + 052 that the heat kernel of a massless scalar field on AdS2 x S"^ is given 
by the product of the heat kernels on AdS2 and S"^, and in the x' ^ x limit takes the form [67] 

K^iO;s) = KX,sM^)KhiO;s). (3.8) 

Kg2 and K^^^^ in turn can be calculated using (13. 4p since we know the eigenfunctions and the 
eigenvalues of the Laplace operator on these respective spaces. The eigenfunction on AdS2 are 
described in (12. 3p . Since /a/ vanish at r/ = for £ 7^ 0, only the i = eigenfunctions will 
contribute to K\^g^ (0; s). At = the £ = eigenfunction has the value ■\/Atanh(7rA)/ \/2 
Thus (13. 4 p gives 



KAds^ (0; s) = dX\ tanh(7rA) exp -s + ^ /a 



(3.9) 



On S"^ the eigenfunctions are Yimi^J , (j)) I a and the corresponding eigenvalues are — /(/ + l)/a?. 



Since Yim vanishes at = for m 7^ 0, and Yiq = a/2/ + I/a/^tt at ip = we have 

K^AO- s) = ^ ^e-^'('+^)/'^'(2/ + 1) . (3.10) 



I 



We can bring this to a form similar to (13. 9p by expressing it as 

^ e^/^"^' (f dXXtan{TtX)e-'^'/''\ (3.11) 



where § denotes integration along a contour that travels from 00 to staying below the real 
axis and returns to 00 staying above the real axis. By deforming the integration contour to a 
pair of straight lines through the origin - one at an angle k below the positive real axis and 
the other at an angle n above the positive real axis - we get 

ir^2(0; s) = T^e'/'"' Im XdX tan(7rA) e""^'/"' , 0<k«1. (3.12) 

ivra Jq 
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Combining fl3.10p and (13. 9 p we get the heat kernel of a scalar field on AdS2 x S 

2 



K'{0;s) = ^^y'lSZ + l)/ rfAAtanh(7rA) exp 

;— n •' u 



1=0 
^oo 



-sA^ - s ( / + ; 



47r2a4 



dA A tanh(7rA) Jm 

^0 



\d\ tan(7rA) exp 



(3.13) 



where 



s/a^ 



(3.14) 



We can in principle evaluate the full one loop correction to 5'^^;^ due to massless fields 
using (13. 3p . (13.61) and (I3.13p . but our goal is to extract the piece proportional to In a for large 
a. Such contributions come from the region of integration 1 << s << or equivalently 
<< s « 1. Thus we need to study the behaviour of (13. 9p . (I3.10p for small s. We shall 
now describe a general procedure for carrying out this small s expansion, not just for the 
integrals appearing in (13.131) but for a more general class of integrals where we insert some 
powers of A and A into the integrand. For this we first write 



OO 



tanh(7rA) = 1 + 2 > {-Ire 



-2iTk\ 



k=l 



tan(7rA) 



1 + 2 



OO 

k=l 



k 2TTik\ 



(3.15) 



In the term proportional to 1 in the expression for tanh(7rA) (tan ttA) we change the integration 
variable in (I3.13P from A (A) to m = sA^ {v = sX^). These integrals can be performed exactly 
in terms of T functions. On the other hand in the term proportional to e"^'^'^'*' (e^'^*'^'^) in the 
expansion of tanh(7rA) (tan(7rA)) we change the variable of integration tou = 27TkX {v = 27iikX) 
and then expand the e''^^^ {e~'^^^) term in a power series in u (or v). After performing the 
integrals and a resummation over k we get 



dX X tanh(7rA) e"^"^ A 



i2n 



-1-n 



r(i 



n 



(2m + 2n + 1)! 



m=0 



(2 



mi 

-2m-2n-l 



(27r)"2(m+n+l) ( — I)'" 



l)C(2(m + n + l)). 



(3.16) 



Im 



\2n 



dXX tan(7rA) e~'^ X 
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-S-l-"r(l + n) + 2 y -^m i^^ + ^ri + iy. ^2^^_2(™+n+l)(_^)n+l 

9. ^ — ^ m\ 



m=0 



(2 



-2m—2n—l 



l)C(2(m + n+ 1)) 



(3.17) 



This leads to the following expression for K\^g^{Q; s) and -f^^2(0; s): 

1 



Ana? s 
1 

Ana^ s 



s/4 



.74 1 



n=0 
1 



n 



^ (2- + l)!z^;^(2-^"-^-l)C(2n + 2) 



7 



12 480 ^ ' 



(3.18) 



^5^(0;s) 



1 



Ana? s 
1 



s/4 



1 oU+l 1 

1 - E + 1)!^^ (2-^-^ - 1) C(2n + 2) 



n=0 



Substituting ( l3l8|l and (EH]) into (ES]) we get 

1 



12 480 ^ ' 



(3.19) 



1 

45~ 



(3.20) 



Eq. fl3.6p now gives 



1 + 



45 



(3.21) 



This integral has a quadratically divergent piece proportional to l/e^. This can be thought 
of as a renormalization of the cosmological constant and will cancel against contribution from 
other fields in a supersymmetric theory in which the cosmological constant is not renormalized. 
Even otherwise in string theory there is a physical cut-off set by the string scale|l| Our main 
interest is in the logarithmically divergent piece which comes from the order term inside the 
parentheses. This is given by 

In(aVe) , (3.22) 



1 



14407r2a4 



''Typically in a string theory there are multiple scales e.g. string scale, Planck scale, scale set by the mass 
of the D-branes etc. We shall consider near horizon background where the string coupling constant as well as 
all the other parameters describing the shape, size and the various background fields along the six compact 
directions are of order unity. In this case all these length scales will be of the same order. 
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and, according to (13. 3 p gives a contribution to the entropy 

ASBH = -^HaVe). (3.23) 

Computation for the higher spin fields follows in a similar manner. We use the basis 
described in ^to construct the heat kernel. For evaluating K{0; s) we need to compute m(x)^ 
at X = where m is a generic basis element for the higher spin fields. This can of course be 
done using the explicit form of the basis functions given in ^ but here we shall suggest a 
useful shortcut. Consider for example the state of the form {K,^2^)~^dmWk given in (12. 5p . Since 
Kaa{x,x; s) is independent of x due to the homogeneity of AdS2 and 5*^, we can replace the 
contribution from every term to K^aix, x; s) by the volume average of the term. Now since Wk 
and {K^2^)~^dmWk are both (5-function normalized states, the volume average of the square of 
{K'^'^)~'^dmWk over AdS2 is the same as that of the square of Wk', hence we can replace the square 
of {K,''2 ^)~^dmWk by Wk{xy while computing Kaa{x,x; s). The contribution to the heat kernel 
from this set of modes will have the same form as (13.90 . except that the exp[— s(A^ + l/4)/a^] 
term will be replaced by exp[— S7(A)] where 7(A) is a function of A that gives the eigenvalue 
of the kinetic operator acting on this state. Similar remark holds for all other basis states 
which are obtained by acting suitable differential operators on the eigenf unctions of the scalar 
Laplacian. This will be illustrated in detail in ^ 

As we shall see in the later sections, in the presence of non-trivial background gauge fields 
the individual basis states introduced e.g. in (I2.10p and similar basis states for higher spin 
fields no longer remain eigenstates of the kinetic operators. Instead the kinetic operator is 
represented as a matrix on such basis states for fields of different spin. The matrix however 
is still block diagonal, with each block spanned by basis states built by the action of various 
differential operators on the Yira{;>p,(t))f\±{j],6) for fixed {l,X,m,k). In this case we have to 
replace the e~^'^^~^'('+^) factor in the integrand by Yli exp[— S7j(/, A)] where the sum over i runs 
over all the eigenvectors of this matrix and 7j(/, A) represent the corresponding eigenvalues. 

For the discrete modes given in (12.60 and (12.90 we need to evaluate the contribution exphc- 
itly. This can be done by noting that at 17 = only the i = ±1 modes in (12. 6p are non-vanishing 
and only the i = ±2 modes in (12. 9p are non-vanishing. This allows us to explicitly evaluate the 
contribution from the discrete modes to KAdS2{^'': ^) for the vector and the symmetric tensor 
fields: 

1 

vector : - — - 
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3 



(3.24) 



symmetric tensor 



27ra2 ■ 



Again in the presence of non-trivial background field there can be mixing between the discrete 
modes of various fields, carrying the same / label, under the action of the kinetic operator. In 
this case we have to find the eigenvalues 7j(/) of the corresponding matrix, and include factors 
of exp[— S7j(/)] in the summand in computing the contribution to the heat kernel from the 
discrete modes. 

This procedure for computing the heat kernel for higher spin fields from that of scalars does 
not work for fermions since the eigenfunctions of the fermionic kinetic operator are not given 
by simple differential operators acting on the eigenfunctions of the scalar kinetic operator. 
However since the eigenfunctions of the fermionic kinetic operator are given in fl2.16p . (12.201) . 
we can use this to explicitly compute the heat kernel of a fermion on AdS2 x S"^. This was 
done in [16] and the result for a Dirac fermion is 



Since the basis for the expansion of a spin 3/2 field is given by various operators acting on the 
eigenmodes of the spin 1/2 Dirac operator, we can use the previous trick to compute the heat 
kernel for spin 3/2 field in terms of the heat kernel of the spin 1/2 field. This will be illustrated 



One final issue that enters the computation is the following. Typically for higher spin 
fields the heat kernel on AdS2 x S"^ also receives contribution from zero modes, - discrete 
modes representing eigenfunctions of the kinetic operator with zero eigenvaluejfl These give 
s independent contribution to the heat kernel. Integration over these zero modes cannot be 
represented as a determinant of the kinetic operator and must be computed separately. For 
this reason we need to identify in the final expression for the heat kernel on AdS2 x S"^ the 
s-independent contribution from the discrete modes and subtract it from the full heat kernel. 
We then have to evaluate separately the contribution due to integraton over these zero modes. 

It follows from (13. 3p . (13. 6 P and (II. 3p that if the total contribution to K{0; s) after removing 
the contribution due to the zero modes is given by c/n'^a^ for some constant c, then the net 

*Note that here we are refering to the zero eigenvalues of the full kinetic operator on ^^5*2 x 5^, taking 
into acount the effect of background gauge fields, and not eigenvalues of the kinetic operators on AdS2 and S'^ 
separately. 




oo 



(3.25) 



1=0 



m 



m 
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logarithmic correction to the black hole entropy from the non-zero modes will be given by 

- 4c In = -2c In A. (3.26) 



4 Quadratic action of gravity multiplet fields in J\f = A 
supergravity 

We consider type II string theory compactified on K3 x or equivalently heterotic string 
theory on T^. In the language of heterotic string theory the black hole solution we consider 
contains momentum and winding charge along one of the circles of denoted by the coordinate 
x^, and Kaluza-Klein monopole and H-monopole charges associated with another circle of 
denoted by x^. The other compact directions will be denoted by x^,---x^. The quadratic 
action involving fluctuations of the various massless fields of = 4 supergravity around the 
near horizon geometry of the black hole was analyzed in [16]. The result of this paper shows 
that the dependence on the charges can be scaled out by a simple field redefinition and the 
final action depends on the charges only through an overall length parameter a describing the 
radius of curvature of AdS2 and S'^. The relation between a and the charges has been given in 
(II .31) . It was further found that the net logarithmic correction to the black hole entropy due 
to fields in the matter multiplet vanish. Thus we shall focus on fields in the gravity multiplet. 

We shall use the convention in which the indices /i, u run over all the four coordinates of 
AdS2 X S^, the indices a,P run over the coordinates of and the indices m,n run over the 
coordinates of AdS2- In this convention the gravity multiplet fluctuations around the near 
horizon geometry are labelled by a set of six vector fields Wj^'^ (1 < ct < 6), a spin two field 
h^u, two scalars xi and X2 describing fluctuations of the axion-dilaton field, and four gravitino 
and four dilatino fields. It is natural to combine the four dilatino fields into a 16 component 
right-handed Majorana-Weyl spinor A of the ten dimensional Lorentz group, and the four 
gravitino fields into a set of fields {ipfj,} where for each fi {0 < ^ < 3) ip^ is a. 16 component 
left-handed Majorana-Weyl spinor of the ten dimensional Lorentz groupie In the harmonic 
gauge the quadratic part of the action involving these fluctuating fields is given by [16] 



^Our conventions here are somewhat different from that of where A refered to the dilatino field in 
ten dimensions, and the four dimensional dilatino, obtain after dimensional reduction, was denoted by A. The 
latter field is being called A here, and we shall not make any reference to the ten dimensional fields before 
dimensional reduction. 




(4.1) 



20 



1 1 1 



2\/2( 



(-2X2 + - n) - e'^^/i? (-2X2 + h^, - h\) 



(4.2) 



and 



4v 2 



Here 



(Ah) 



pa 



(4.3) 
(4.4) 

(4.5) 



and e"^ and e™"" have been defined in (12. 2p . All indices are raised and lowered by the back- 
ground metric g^u given in (12. ip . R^upa is the Riemann tensor on AdS2 x 5*^ constructed 
from the background metric (12. ip and F^^ and F^^ are background gauge field strengths whose 
non-vanishing components are 

(4.6) 



mn 



y/2a 



V2c 



are ten dimensional gamma matrices chosen as follows: 



8) 



® ^3 ® 



0<yu<3, 4<m<9, 



(4.7) 



where 7^'s have been defined in (I2.12p and F™' are 8x8 50(6) gamma matrices, ipf^, A are 
defined as 

i>,^£C, A^A^C, (4.8) 
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where T denotes transpose and C is the 5*0(10) charge conjugation matrix satisfying 

{CT^f = Cr^, = -C . (4.9) 

Our choice for C will be: 

C = a2®Ti®C, (4.10) 
where C is the 5*0(6) charge conjugation matrix satisfying 

[Cfpf = -dfP, = C . (4.11) 

We can use the vielbeins to convert the tangent space indices to coordinate indices and vice 
versa. We shall use the same symbol F for labelling the gamma matrices carrying coordinate 
indices. 

The Lagrangian densities given in f l4.2p and (14. 3 p includes gauge fixing terms of the form: 

(4.12) 

Gauge fixing also leads to a set of ghost fields. Let us denote by and the ghosts associ- 
ated with diffeomorphism invariance, by b^""^ and c^""^ the ghosts associated with the U(l) gauge 
invariances, and by b, c the ten dimensional left-handed Majorana-Weyl bosonic ghosts associ- 
ated with local supersymmetry. Quantization of the gravitino also requires the introduction of 
a third ten dimensional right-handed Majorana-Weyl bosonic ghost field which we shall denote 
by e0 Then the total ghost action is given by [16] 

Cghost = {9t.ua + R^,) c" + 6('^)nc(") - 2 fo^-^^F;, D^c"] + I T^D^d + g T^D^e . (4.13) 

Our goal will be to compute the one loop contribution to Ceff due to these fields and use this 
to compute the correction to the black hole entropy. 

5 Contribution from the integer spin fields 

In this section we shall compute the contribution to the heat kernel due to the gravity multiplet 
fields of integer spin - both physical fields and the ghosts. We begin with the physical bosonic 

-'^"This comes from the special nature of the gauge fixing term given in (|4.12p : to get this term we first insert 
into the path integral the gauge fixing term S{T'^ipf^ — ^(x)) for some arbitrary space-time dependent spinor 
£,{x); and then average over all (,{x) with a weight factor of exp(— J ^/det g ^ pS,)- The integration over ^ 
introduces an extra factor of det I/> which needs to be canceled by an additional spin half bosonic ghost with 
the standard kinetic operator proportional to 
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fields which include the fiuctuations h^^, Wj^^ for 1 < a < 6 and the scalar fields Xi and X2- 
From the structure of Ci, given in (14. 2 p we see that the fields Wj^^ for 3 < a < 6 are not affected 
by the presence of the background flux. Hence their contribution to the heat kernel is given by 
that of four regular vector flelds in AdS2 x S"^. This was computed in |16], but we shall review 
the analysis since the method it uses will be of use for other flelds as well. As explained in ^ 
the general strategy is to express various flelds as derivatives of scalar flelds and then express 
the scalar flelds as linear combinations of complete set eigenstates of the — and —DAdS2 
operator. For example we can writi"1 



E 



1 



(fc) 



K 



(k) 



Uk) 



for 3 < a < 6 



where {uk] are a complete set of scalar functions with eigenvalue k^*^-* = 1(1 + 1) /a? of — and 



(5.1) 



+ I of — □Ad52 Pa s, Qa s, Ra s, and Sa s, are constants. Upon substiting 
(15. ip into (14. 2p . and integrating over AdS2 x 5^, we shall get an expression quadratic in the 
coefficients P, Q, R, S. Orthonormality of the m^'s guarantee that the quadratic term is block 
diagonal, with different blocks labelled by different fc, i.e. different (/,A). Thus for each (/, A) 
we shall have a finite dimensional matrix to diagonalize. If we denote the eigenvalues of this 
matrix by 7j(/, A), then the net contribution to the heat kernel will be given by 



/ dX A tanh(7rA) V (2/ + 1) V e''^^^'^^^ + ^discrete , 

oTT Qj If) 



(5.2) 



where -fCdiscrete denotes the contribution from the discrete modes given by the product of 
^Zm(^,0) with (12.61) . This can be computed in a similar way using the fact that the discrete 
modes of each vector gives a contribution of l/2'7ra^ to the AdS2 heat kernel. The correspond- 
ing contribution will involve only a sum over / but no integration over A. In order to avoid 
proliferation of indices we shall from now on work in a fixed k sector and drop the superscript 
k and the subscript a from all subsequent formulae. Then the part of the action involving the 



^^Note that we are pretending that the eigenvalues are discrete whereas in reahty the eigenvalues of —DAdS2 
are continuous and hence the m's are delta function normalized. But this does not affect the diagonalization of 
the kinetic operator. 
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coefficients P, Q, -R, "S" is given by 

- + «2)(P' + Q^ + R' + S^) . (5.3) 

For Ki = 0, I.e. for / = tlie modes P and Q are absent since the corresponding u is constant on 
5"^ and fience daU vanislies. Tlius we liave four eigenvalues of the form K1 + K2 = [A^ + (/ + ^)^]/a^ 
for / > 1 and two eigenvalues of the form + |. Finally for K2 = 0, i.e. A = i/2 we have some 
additional discrete modes. The net contribution from all these modes to the trace of the heat 
kernel is given by: 



4 



poo 

'e-'/" / dXX tanh(7rA) e''^' ^ {21 + 1) 6''^^^+^^ (4 - 25,,o) + (2/ + 1) 6''^^^+^^ 
''^ 1=0 1=0 



(5.4) 

The last term without an integration over A represents the contribution from the discrete 
modes. 

We now turn to the rest of the physical bosonic fields which include the gauge fields A^^'' 
for a = 1,2, the graviton hf^^ and the scalars Xi X2- The analysis proceeds in a similar 
manner by expanding various fields in a basis obtained from derivatives of Uk- As before we 
work in a fixed k sector and drop the index k since there is no mixing between sectors with 
different k. We take the following expansion for different fields: 



Ki y/K2 



V2 Vi^i — 

^mn 7^ B^ -Be) 9mn ^ H / ^ o ( B^m^n ~l~ -^n^m 9mn D^^p 1 , 

V2 Vi^2 + ^ ' 

ia. = {B-jda. U + Bs Ea^d^ u) , = (Pg^m U + Bq Smnd'^ u) , 

Xi^C^u, x2^CoU, (5.5) 

where Bq, - ■ ■ Bq and Co, • • ■ Cg are arbitrary coefficients. The normalizations of the coefficients 
have been chosen such that the deformations parametrized by individual coefficients are cor- 
rectly normalized and the deformations parametrized by different coefficients have vanishing 
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inner product. For reasons to be explained later we shall first consider deformations associated 
with UkS for which k^^^ > 2a^^ (i.e. / > 1). The need for restricting to modes with Ki > 2a~^ 
is clear from the denominator factor of ki — 2a^^ in the expansion (15. 5 p of ha/3- We also exclude 
all the discrete modes on AdS2 corresponding to =0 from the initial analysis; they will 
be incorporated later. Note the i multiplying B^, - we have taken into account that the con- 
formal factor of the metric, parametrized by B^, has wrong sign kinetic term, and hence must 
be rotated to lie along the imaginary axis to make the path integral well defined. Substituting 
(15.51) into (14. 2 p and integrating over AdS2 x S"^ using the orthonormality of the basis states we 
get the contribution to the action from the ki > 2a^^, K2 > modes to be 



-^{Ki + K2) 



i=0 



i=l 



1 



Ki + K2- Aa ^){B. 



Bl) 



--{K^ + K2 + Aa'^){Bl + Bl] 
+a-2 {Bl + Bl) - {B 



+V2a 



-1 



K^C-iBi + ^CiBi + 

K1C7B3 — ^/K^C%B4^ + V^Cs-Bs — 

+iV2a~^^2{-CQ + 7256)^4 + V2a'^^i{Q 
+V2a'^{^C2 + Zv^C8)C9 . 



2 i a-'B^BQ - 2^2 a-^^eCo 

'k^CiB2 + ^/K^C2B^ 

V2B^)Cq 



(5.6) 



This needs to be further integrated over A and summed over I to get the full action but we 
shall work in a sector with fixed / and A as before. 

We can now diagonalize the kinetic operator by analyzing various blocks. First of all note 
that i?7, i?8, Bg and Bq do not have any cross terms. Hence the eigenvalues in these sectors 
can be read out immediately from (15. 6p . We get 



Bj, Bs 

Bg, Bq 



Ki + ^2 — 2 a , 
Ki + K2 + 2 . 



(5.7) 



Next we note that the parameters B2, C3 and Ci mix among themselves but do not mix with 
any parameter outside this set. In this three dimensional subspace the kinetic operator takes 
the form 

Ki + K2 ia~^\/2Ki —ia~^\J2K2 



la 



I2kx 



Ki + K2 









(5.^ 
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Diagonalizing this matrix we find the eigenvalues in this sector to be 



Ki + K2, Ki + K2±ia ^a/2(ki + K2 



(5.9) 



Similarly we find from (15. 6 p that the parameters B3, Cj, C5 mix among themselves but do not 
mix with any parameters outside this set. In this subspace the kinetic operator takes the form: 



a~^y/2K,i Hi + K,2 
—a~^y/2K,2 Ki + K,2 

The eigenvalues of this matrix are given by 

KI + K2, Hl + K.2± a"^A/2(/ti + K2) . 



(5.10) 



(5.11) 



The parameters B4, C2, Cg, Cg mix among themselves but do not mix with any other parameter. 
In this four dimensional subspace the kinetic operator is given by 



/ Ki + K2 -ia ^y/2K^ 



Ki + K2 



\ -a-^^/2^ 



—ia ^^2k2 



a 





Kl + K2 



\ 

-ia~^ ^2k2 



The eigenvalues are 



+ /t2 + a ^ a/2(ki - K2), Ki + K2 + a ^ a/2(ki - K2), 
Ki + - a"^ a/2(/€i - K2), Ki + K2- a^^ ^/2{ki - K2) . 



(5.12) 



(5.13) 



Finally the remaining parameters Bi, C4, Cq, Cq, Bq, B5 all mix among themselves and produce 
a kinetic operator 



/ Ki + K2 

—ia^^y/2Ki 



\ 



a \J2k2 






ia-^^2K[ a-^v^ \ 

Ki + K2 ^"^1/2^2 —2iar^^fK2 

Ki + K2 — a^"'^-\/2Ki — 2a^"'^y^ 

qT^ ^2k2 —a^^y/2Ki Ki + K2 2y/2a~'^ 

2ia~^y/K2 —2a^^y/Ki 2\/2a^'^ ki + K2 2ia^'^ 

2m-2 K1 + K2J 



We shall denote the eigenvalues of this matrix by 



1 

Kl + K2 + Ci~^ ^) , 1<«<6, Ki = /(/ + l)/a^, /t2 = — r + — . 



(5.14) 



(5.15) 
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For Ki = 2a^^ (i.e. / = 1) the modes parametrized by and Bg are absent since the vectors daU 
and Eapd^u are the conformal Kilhng vectors of S"^ and hence do not generate any deformation 
of the metric. The rest of the modes are not affected. Thus we get the same set of eigenvalues 
except the ones given in the first hne of (15.71) . The net contribution to the heat kernel from 
the / > 1 modes is then given by 



1 



s/4 



87r2a4 



d\ A tanh(7rA) e 



OO 

{21 + 1) e-^"'('+') |2 + 2e^' + 2e-^' - 2 e^'6i,i 



>- 1=1 



js^2A2+2/{i+l)+i _^ g-is^2A2+2/{«+l)+i _^ gS^2A2+2/{«+l)+| _^ g-s^2A2+2«(/+l)+5 



"2 + e" 



^2 gsV2'('+l)-2A2-i _^ 2 g-sV2'('+l)-2A2-i _^ ^ g-S/.(«,A) | 

1=1 



(5.16) 



For Ki = (i.e. / = 0) the function m is a constant on S"^, and as a result all the modes 
which involve a derivative with respect to a coordinate of 5"^ are absent. This will require us 
to set to zero the modes corresponding to Ci, C2, C5, Cq, Bi, B2, -B3, B4, B-j and B^. The net 
contribution to the action from the rest of the modes is given by 



1 





2 



Cf- 



1 ^ 1 

-K2 B- - ^(^^2 + 2a-^){Bl + Bl) - 2^2 B.C^ 



i=5 

+i\/2a-^v^ (-Co + y256)C4 + a'^iv^C'sCg - 2 i a'^B^Be . 



4=0,3,4,7,8,9 



(5.17) 



Since C3, Cj, Bg and i?o do not mix with other fields, they produce the following eigenvalues 
of the kinetic operator: 

K2, K2, K2 + 2a~^, K2 + 2a~^. 
Cg and Cg mix with each other but not with others, producing eigenvalues: 



(5.18) 



K2±ia \/2k2 ■ 

Finally C4, Cq, Bq, B^ mix with each other producing the matrix: 



(5.19) 



/ K2 ia ^^2k2 —2m ^^f^ \ 

ia-^^2K2 /t2 2v/2a-2 

fi^ 2-\/2a~2 K2 

' 2m~2 



-2za"i 



2m-2 
1^2 I 



(5.20) 



We shall denote the eigenvalues of this matrix by 

K2 + a~^fi'i(A), l<i<4, 
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1^2 



Aa 



1 X' 



a" 



(5.21) 



Thus the net contribution to the heat kernel from the / = modes is given by 



-S/i 



dX X tanh(7rA) e' 



2+2e-^'+e 



2s I „isy/2>J+l I „-is 



2 + > e 

i=l 



-sgi{X) 



(5.22) 



We can combine the contributions fl5.16p and fl5.22p as follows. We first extend the sum 
in f l5.16p all the way to / = and subtract explicitly the extra contribution due to the / = 
terms. This includes in particular the terms involving /j(0, A). Now it is easy to see that for 
/ = 0, I.e. Hi = 0, the 6x6 matrix given in fl5.14p takes a block diagonal form, with Bi and 
Cq forming a 2 x 2 block with eigenvalues k,2 ± a^^\^2K2, and C4, Co, Bq, B^ forming a 4 x 4 
block that is identical to the matrix given in fl5.20p . Thus the corresponding /j(0, A)'s coincide 
with ± a^^yj2K2 and the four (7j(A)'s. Using this result we can express the sum of f l5.16p 
and fl5:22|) as 



1 



-s/4 



dX X tanh(7rA) e 



sA2 



00 

{21 + 1) e-^"'('+^) |2 + 2e^' + 2e 



2s 



>- 1=0 



_^gis^2A2+2/{/+l) + | _^ g-js^2A2+2;(/+l)+| _^ gS^2A2+2Z(i+l)+i _^ ^-sy/2X2+2l{l+l)+l 

6 

dA A tanh(7rA) e~^^' 



-s/4 



6 + 2e^' + 2e' 



5 +2e" 



2A2- 



(5.23) 



Finally we need to consider the discrete modes associated with square integrable wave- 
functions of various fields on AdS2. These involve the discrete modes of the vector fields on 
AdS2 described in (12.60 . and also the discrete modes of the symmetric rank two tensor on 
AdS2 described in (12.91) . We can take the product of these modes with any mode of to 
describe deformations of vector and symmetric rank 2 tensors on AdS2 x 5*^. Let us denote by 
{vm\£mnV^^''"'} a real basis of vector fields obtained from the product of the real and imaginary 
parts of (12. 6 p and a spherical harmonic on S with eigenvalue k\ of —Os2 and by Wmn a real 
basis for symmetric rank two tensors obtained from the product of real and imaginary parts of 
(12. 9p and a spherical harmonic on 5*^ with eigenvalue k[''^ of —052. Note that the eigenvalues 
of nAdS2 already fixed for these modes; so we do not need to specify them. We shall choose 



and Vm^ to be real. As before we shall drop the superscript (k) and consider the following 
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deformations for each k: 



and 



A^^^ = EiV^ + EiSmnV'', A^^ = E2Vm + ^2emnW", 
hma = (EsdaVm + E^EmndaV'' + EiEaRd^Vm + E^E 

ap'^mn 

hmn -\J^ (^^m^n ~l~ En^rri 9mnE > E^V^n ~\~ E^EYan^ i (^•^^) 

hmn — EgWmn ■ (5.25) 



Note that for ki = the modes E-^, E-^, E4, E^j^ are absent; this will be taken care of in the 
computation. These parameters describe a set of orthonormal deformations as long as the 
Vm and Wmn are correctly normalized. Also orthonormality of the various modes on AdS2 
guarantee that the modes given in f l5.24p . ( 15.25^ do not mix with each other and the modes 
analyzed earlier. Substituting the modes given in fl5.24p into (14.21) we arrive at the following 
contribution to the action from these modes 

- -K, Y,iEf + Ef) - 2 ('^i + 2a"') (^5 + ^5) - V2^ (^^1^3 - tEiEs + E2E, + E2E,) . 

(5.26) 



i=l 



The ten eigenvalues of the kinetic operator are 

/€i + 2a~^, /ti + 2a~^, Ki ± a~^-\/2Ki, Ki ± a~^-\/2/ti, 

Ki ±i a^^\/2Ki, Ki ±i a^^\/2Ki . (5.27) 

Note that for ki = 2/a^, i.e. for / = 1 we have a pair of zero eigenvalues. Physically these 
arise due to the fact that the dimensional reduction of the metric on 5*^ produces a massless 
SU(2) gauge field on AdS2, and these, like the U(l) gauge fields, have zero modes on AdS2- 
For /ti = the modes E^, E^, E4 and E4 are absent and we get six eigenvalues 

0, 0, 0, 0, 2a-^ 2a-2. (5.28) 

Finally the modes described in (15.251) does not mix with anything and describes a mode with 
eigenvalue ki of the kinetic operator, leading to a contribution 

-^K, El (5.29) 
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to the action. Combining these results and recalhng the coefficient of the contribution from 
the discrete modes of AdS2 given in (13:241) (l/27ra2 for the discrete mode of the vectoi0 and 
3/27ra^ for the discrete mode of the symmetric rank two tensor) we get the net contribution 
from the discrete modes to be: 

OO 



1=1 



+2 + e-^' + 3 



1 



1=0 



(5.30) 



The 2 + e^* in the second line represents the contribution to the heat kernel from the product 
of the discrete modes of the vector field with / = mode on S"^ (i.e. with eigenvalues given 
in fl5.28p ) and the 3 represents the contribution from the modes of the metric given by the 
product of / = modes in 5*^ and Wmn in AdS2. 

We must also include in our list of bosonic fields in the gravity multiplet the ghosts which 
arise during the gauge fixing of the six U(l) gauge groups and the diffeomorphism group. The 
Lagrangian density for the ghost fields has been given in f l4.13p . In particular the kinetic term 
has the form: 



( 6^ fo^'^) 



-g^,uO - R 

pv 



■pv 





-□ 



C 



(5.31) 



Since this has a lower triangular form, the off diagonal term does not affect the eigenvalues. 
Thus the scalar ghosts have the standard kinetic operator — □ and the twelve scalar ghosts 
arising from U(l) gauge invariance gives a contribution — 12i^'''(0; s): 



-12 



-5/4 



d\ A tanh(7rA) e 



5^(2/ + l)e- 



-s/(«+l) 



'- 1=0 



(5.32) 



"'^^In carrying out this computation we have to take into account the fact that we have chosen a real basis 
in which Vm and Emnv"' are independent vectors. This gives an extra factor of ^, leading to a contribution of 
1 /Ana?' per mode from AdS2 ■ For example the zero modes of a free gauge field which does not couple to the 
background flux will be described by the modes Ei and Ei with action Ki{Ef + Ef), and together they will 
give a contribution of l/27ra'^ from the AdS2 part. 
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The contribution from the vector ghosts 6^, can be analyzed by decomposing them into 
various modes as e.g. in flS.Sp for /ti > 0: 

ha = daU + B—]— Easd^U, 



bm = dmU + D-^ Emnd^'u, 



E—^ daU + F-^ Eapd^U, 



G^dmU + H^emnd''u. (5.33) 



Substituting this into f l5.3ip we get the following action: 

{ki + K2- 2a-^) {AE + BF) + {k^ + K2 + 2a-^) {CG + DH) . (5.34) 

This has four eigenvalues of magnitude (/ti + /t2 — 2a~^) and four eigenvalues of magnitude 
(/?! + ^2 + 2a~^). For Hi = i.e. I = the modes corresponding to A, B, E, F are missing and 
we get the action to be 

{k2 + 2a-2) {CG + DH) . (5.35) 

This has four eigenvalues of magnitude {k2 + 2a~^). The net contribution to the trace of the 
heat kernel from these modes is 



1 /"OO 

J— ^-5/4 



1 

J_ ^-5/4 



dA A tanh(7rA) e''^' ^ (2/ + 1) e-'^^^+^'^ Ue-^' + Ae^'l + 4e 
- (=1 

/oo r °° 

dA A tanh(7rA) e"^"^' ^ (2/ + 1) e-^"'('+^)|4e-'^" + 46'^"} - 4e 



-2s 



(5.36) 



To this we must include the contribution from the additional modes obtained by taking the 
product of the discrete modes for vector fields on AdS2 given in (12. 6p and the eigenstates of the 
scalar Laplacian on S"^. These modes have eigenvalues Ki + 2a~'^ and hence gives a contribution 
to the heat kernel of the form: 



^ y (2/ + 1) e-^"'('+^)e-2^" . (5.37) 

1=0 

Adding (El, (ESI, flCTl) . (E32]), fl5:36l) and (15:371) we get the following expression for the 
total heat kernel from the bosonic sector and the scalar and vector ghost fields of the gravity 
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multiplet: 

1 r _ 

Kavuy{^-^^) = 5^^"'^'/ dX\t^nh{nX)e-''' J] (2/ + 1) e 

^0 -In 



oo 

sl(l+l) 



1=0 



X <! 6 - 2e^' - 2e-^~' 



_^gjs^2A2+2«(/+l)+| _^ g-isy'2A2+2Z(i+l)+i _^ g5y'2A2+2i(Z+l)+i _^ g-s^2A2+2/(«+l)+| 

6 

-|l4 - 2e^' + 2e''V^^2 + 2e-'^"V2^ ^ 26^"^^^ ^ 2e-^"v/2^| 

^ oo 

^ (2/ + 1) e-^"'('+i) I? - e-^' + e^"V^^ + e''V^^) 

Oj V 



Stt „ 

1=0 



Following the trick leading to (13. lip we can express this a£f| 

^fra«tjy(0; s) = ^"'^ / A tanh(7r A) c"^"^' 6^"/^ Jm / rfA Atan(7rA) 

x2 X je - 26^" - 2e-2' 

_|_giI\/2A2+2A2 _^ g-is\/2A2+2A2 _^ ^sa/2A2+2A2 _^ g-5A/2A2+2A2 



sA2 



_^2 g5V2A2-2A2-l _^ 2 g-5V2A2-2A2-l _^ ^ ^_5/^(A-i,A) | 

_| 14 _ 2e^' + 2e''V^ + 2e-''V^ + 2e'^/^ + 26"^"^^} 
+ ^—re'/^Im dAAtanfyrA) e"^"^' 

1 14 - 2e-2^" + 2e^"v/2A^ ^ 2e-^"V2A5rT ^ ^^is,/2^^ ^ 2e--\/2^| 

^ (5.39) 



Our goal is to extract the behavior of this expression in the region << s << 1 since 
the logarithmic correction to the entropy from the non-zero modes come from this domain. 



-'^^Note that although the individual terms in the sum have branch points on the real A axis, the sum of all 
the terms inside each curly bracket is free from such branch point singularities. 
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This is done using the same trick as in ^ First we expand all terms in fl5.39p other than the 
e~^'^^ and e~^'^^ factors in a power series expansion in s. The only additional subtlety in this 
analysis comes from the fact that the eigenvalues fi{l, A) are not given explicitly. However we 
can use the expansion 

6 oo ^ 6 

E = E - (-1)"^"" (5.40) 



i=l n=0 4=1 



to reduce the problem to the computation of XlLi (/*)"• Since /i/a^'s are the eigenvalues of 
the matrix M obtained by removing the diagonal Ki + k,2 terms from the matrix given in (15.141) . 
S^=i(/«)" is given by a^^Tri^M") which can be easily computed. In our analysis we need the 
result for n < 4. The results are 

E/^ = 0' J2^0 = <2X'-2\' + l), J](/.)=^ = 48(A2 + A2), 

i i i 

^(/.)4 = _28 - 112A2 + 80A^ + 112A2 + 9QX^X^ + SOA^ (5.41) 

i 

This allows us to express the right hand side of (15.391) in terms of products of factors of the 
form 

d\ A tanh(7rA) e"""^' A^", and Jm / d\\ tan(7rA) e"""^' A^" (5.42) 

Using eqs. (l3.16p . (I3.17P we can express the right hand side of (I5.39P in a power series expansion 
in s. We need to compute up to order s° term in this expansion for computation of logarithmic 
correction to the entropy. Collecting all the terms of order we get 



^ 13 2 2 1 _ 169 



where ■ ■ • denote terms proportional to and s^^ as well as positive powers of s. In the 
central expression in (I5.43P the four terms represent respectively the contributions from the 
terms inside the three curly brackets in (I5.39P and the last term in (I5.39p . 

Finally we need to remove from this the contribution due to the zero modes. To identify 
the zero modes we can look for the s independent terms in the contribution to the heat kernel 
from various discrete modes. These consist of the following: 

1. The / = modes in the last term in (15. 4p . giving a contribution of l/27r^a'^ to -^'(O; s). 'These 
represent the zero modes of the four gauge fields J^m for 3 < a < 6. 
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2. The third term inside { } in the first hne of fl5.30p for / = 1, giving a contribution 
of S/Svr^a''. These represent the zero modes of the SU(2) gauge fields arising out of 
dimensional reduction on S"^. 

3. The 2 and 3 in the second line of f l5.30p . The first one gives a contribution of 2/871^0^ 
and represent the zero modes of the two gauge fields Am^ for 1 < a < 2. The second one 
gives a contribution of 3/871^0^ and represent the zero modes of the metric associated 
with the asymptotic symmetries of 74^5*2. 

Thus the net contribution to Kgj.^^-^y{0; s) from all the zero modes is given by 

+ + T-TZI + 7-TZI = 7T-^ ■ (5-44) 



27r2a4 Sn^a^ Air'^a^ Sir^a^ 27r'^a^ 
Subtracting fl5.44p from f l5.43p we get the net contribution to the s independent part of 
^gravityi^j ^) ^om the uou-zcro modes: 

(5.45) 



1807r2a 



4 



6 Contribution from the half integer spin fields 

Next we must analyze the fermionic contribution to the heat kernel. For this we express the 
gravity multiplet part of fermionic action given in (14. 3p as 

Cf = -1 (Air(^) + rKj^^ + i^-'Kj^^) , (6.1) 



where 



2v2 a 

K'i'^ = (^sf ^ - ^raf 5) A - Iv^^iPs^ + as ^Adsjr,^, 

2y 2 a ^ 

- Qr^ {jPs^ + as jpAds,) r« + ^ase/ (as? ^ - zrsf V/3 

= -^r„(asf^-zTsf5)A- V(^5^ + as ^Ad5jr^V'/5 
2v2 a ^ 

+ (^-^r" {iPs^ + as I/)Ads,) + ^rs^J (asf ^ - zrsf^)^ 



(6.2) 
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Let us denote by V the differential opeartor such that (16. 2p may be expressed as 

K^a^\=V\i;^\. (6.3) 

Our goal will be to calculate the eigenvalues of T) (or more precisely P^) since these will appear 
in the expression of the heat kernel. For this we follow the same strategy as in the bosonic 
case, I.e. instead of working in the infinite dimensional space of fermionic deformations, we 
identify finite dimensional subspaces such that modes inside one subspace do not mix with the 
modes outside this subspace under the action of V. Let us pick one particular basis state x 
for the spinor, given by the direct product of {xtm vtm) with (x^('^) oi' '7^('^)) defined in 
fl2.16p . (I2.20p . and an arbitrary spinor in the representation of the Clifford algebra generated 
by F"^, ■ ■ ■ F^ carrying F^^ eigenvalue i. Then x satisfies 

f^^X = % IPs^X = ^ClX. PAds,X = ^C2X, Ci > 0, C2 > . (6.4) 
From this we can derive the identities: 

EapD^X = -WzDaX - C,l<yZ^aX , £mnD'^X = -ITzDmX - C,2T^<^Z^mX ■ (6-5) 

The set of states x constructed this way do not form a complete set of basis states since we 
have left out the states with < and/or C2 < and those with F'^^ eigenvalue —i. We 
shall overcome the first two problems by including in the basis the states asx, tsF^F^x = ir-^x 
and (TsTsF^F^x = icr^T^X- Since x ^'^^ "^sX have opposite ^52 eigenvalues and x and t^x have 
opposite pAdS2 eigenvalues, this amounts to including in the basis states with Ci < and/or 
(2 < 0. To overcome the last problem we add four more states in the basis obtained by acting 
F^ on the states already included. We now consider the subspace consisting of the following 
fermionic deformations: 

A = aiX + a2cr3^'^X + a^'Tsf^X + aia^r^f^f^x 

+0^3 a'lX + ^c^sr^X + 4^3? \ + a40-3r3f'^f \ , 

i>a = biTaX + b2a3f^TaX + h'^sT^'^aX + hasT^f^f^Tc^x 

+hD^X + hasf^DaX + hnf'D^x + bsasTsf^T'D^x 



+cr3 



b[r^X + b'^^y^r'T^x + b'^r^T'T^x + ^laaTaF^F^F^x 



+b',D^X + b',a,T^D^x + b'^r^T^'D^x + b'^a^r^.T^V'' D^x 
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ClTmX + C2Cr3f'^TmX + CsTsf^TmX + 04(73 Tsf^f^r^X 
+C5(T3 D^X + CqT'^D^X + C7CT3T3f^DmX + CgTsf'^f^L'^X 



+0-3 



c'lTmX + C2(^3^ ^mX + c's^sF TmX + c'^asTsT T TmX 



+c'^asDmX + c'qT DmX + c'r^so-sr D^X + Cg^sr T DmX 



(6.6) 



where 's, and c^'s are arbitrary grassman variables and x is a fixed spinor 

satisfying (16.41) . We sliall see that the action of V keeps us inside this subspace. 

Before we proceed some comments are in order. First note that the basis states used in 
(I6.6p are not orthonormal. As we shall discuss shortly, this will not affect our analysis. Second, 
due to the relation (I2.27P the basis states used in the expansion (16. 6p are not all independent 
for (i = 1/a. For this reason we shall for now consider the case Ci > V*^- The Ci = l/o 
case will be analyzed separately. Finally there are additional set of states associated with the 
discrete modes described in ( 12.28^ . - these will also be discussed separately. 

Using (16. 2p . (16. 6p and (16. 5p we can express K^^\ j^(3) ^Yie form 



i^(i) 



i^(3) 



A^x + A^a^T^ + A.T^T'x + A^asT.T^V'x 

+a, [a[x + A',asf\ + A'^T^f^x + A'.asTsf'f'x] , 

BiT^X + ^2^3? ^r,x + Bsnf'T^x + 54(T3r3f"f ^r„x 
+B,D^X + B.asf^D^x + B^r^V^'D^x + B^a^T^V^V'^ D^x 
+^3 [b[V^x + B'^a^V^V^x + B'^T^V^'V^x + B',a^T,V^V''V ^x 

+B',D^X + B'.a^V^D^x + B',t^V''D^x + B'^a^T^V^V'W^x 

CiTr^X + C2(T3f ^r„x + C3r3f ^r^x + C4a3r3f^f ^r^x 
+C,a^ D^X + C,f^D„,x + C^a^r^f^'D^.x + C^r^f^f^'Dr^x 



+0^3 



C;r„X + C'^cr^T^T^x + C'^r^T^'T^x + C'.a^r^f^Pv^x 



+C',a3DmX + C'^f'D^x + C'.Tsa^f'D^x + C'snf^f'DmX 



(6.7) 



wheri^ 

Ai = 



<iai - 



C2 



ZC3 



<2C6 _^ C2C7 



+ <2a'i 



-'^■^These relations were derived without using the fact that x has F^^ eigenvalue i or that (i and ^2 are 
positive. 
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-iCia2 + 



Ci _^ tC4 



<2C5 C2C8 



V2a V2a 2V2a 2V2a V2a V2a 2V2a 2V2a 



+ <2a2 



-iClO'4 



Kih _^ ici ^ C4 



ibi 

V2a V2a ' 2V2a 2^f2a ' ^/2a ' v^a 

^^^2 _^ &3 , Cl^6 , <1^7 ^C2 , C3 



C2C5 , iC2C8 , 
^ H F "^^20-3 

2v/2a 2v/2a 

, C2C6 , <2C7 



\/2a 2^20 2^20 V2a \/2a 2^20 2v^c 



^204 



h' 



%C,2a\ — iCia'i H — 7^ + 



3 ^ <1^6 



<2C6 ^ C2C7 



v^a V2a 2V2a 2^20 y/2a y/2a 2y/2a 2y/2a 



+ 



lb'. 



iCiK Cib's 



V2a V2a 2V2a 2yf2a ^/2a yf2a 2^f2a 2^a 



ib[ 



1(2^2 + iCiO'2 — 

■ V-2a ■ V2a 2V2a 
ib2 &3 Cib'e 



+ 



«C4 <2C5 C2C8 



+ 



2^20 

iCib', 



+ 



+ 



V2a \/2a 2\/2a 

4 , C24 



C2C5 ^ <2C8 



2Co 



02 



203 



2V2a 2^/2a 



- 7::ClC2C5 + Cl - TiC. 



+ 



2^/2a 2V2a 



1 

2' 



+<lC2 - 7^ClC2C6 + ( 7^(2 



04 



2V2a 2V2a 



i.l6.+ |.8 



2C1C2&; 



-<lC3 + JC1C2C7 + ( C2 - ^C; 



«a2 



+ 



03 



2\/2a 2^20 

+ 7^&2+7r^3 + <l&4 

2a 2a 



2a^^ + 2^^^ 



Cl - ttCi + Us - 7tCiC2&'8 



2\/2a 

<2C7 



2V2a V2a V2a 2V2a 2^26 
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-<1C4 + ^ClC2C8 + - C2^ 4 

1 i 

-—h + Trh + iC2&5 - 2ci - iC2C5 
2a 



2a 
1 

"2^"^ " 2a 



1 i 
h - T^h + iC2fe6 - 2c2 - iC2C6 



2a 



? 1 

-h - 7rh - iC,2b'-j + 2c3 + iC2C7 
a 2a 

i 1 

&6 - - <2&8 + 2C4 + <2C8 



2a 

an ia'r. 



■h 



"2 '"a 
2\/2a 2y/2a 

+ - Cl) + iCic'i - iCiC24 

a 2 

2V2a 2y2a 

ia'i a4 
2y2a 2v/2a 

a'g 

2v/2a 2v/2a 
1 i 
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B', = -^(^b^-—b', + —b', + 2c', + ^C2c'■r 
B's = -iC2bs-^K-^b'^ + 2c', + iC2c's 

1 i 

C5 = 26'i + iCife's - iCiCs + — Cg - — C7 

2a 2a 

1 i 
Ce = -2^2 - iCib'e + — Cg + iCiCe + — Cg 

i 1 
C7 = 263 + iCibj - — C5 - <iC7 + — Cg 

i 1 

Cg = -264 - iCib'g + —Cq + — C7 + iCiCg 

2a 2a 

+ ^C2 - 2C2 + ^ j C5 - -c, + -C3 + -OC2C, - -Ce - -c, 
-^C2C2 + ^C2 - 2^2 + ^ j ca - -q - -C4 - -c, - -ClC2Ce + -Cg 

^3 = ^-^-<^^3-i0C2..-(S-^C.^).; 
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+<2C3 - C2 - 0C2 +L]CJ + 



2a 



2a 



C2 / 1 > > / 



tar. 



+<2C4 



3 



:C2+^ C8 



2a 



1 

2^ 



c' + 



C2 , <2 , 



2a 



2a 



<2 / 

2a 



:CiC24 



where 



1 i 

-2bi - <i65 + <iC5 + — Cg - — 4 



262 + <1&6 



1 

2a^ 



2a 



2 1 

-263 - iCibj - —4 + iCic'j + — Cg 

i 1 

264 + iCi^s + + — 4 - zCic's 



a = a 



1 

2^' 



Cl = CI + 



1 

2^' 



K 



1 

2^' 



2a 



2 ' 



(6.8) 
(6.9) 



and we have used 

- D^D'^x = CiX, -D^D^x = Sx, TP[Dp,D^]x = KV^x. 

We can express (16.81) as 



(6.10) 



( A\ 




/a\ 


B 




b 


C 


= M 


c 


A' 




a' 


B' 




b' 


\C'J 







(6.11) 



where is a 40 x 40 matrix. The eigenvalues of Ai^ will determine the heat kernel in the 
fermionic sector of the gravity multiplet. 

Let us now discuss the possible complication that could arise due to the fact that we have 
chosen to expand the various fields in a non-orthonormal set of basis functions. If we did use an 
orthonormal basis then the resulting matrix Ai will be related to the one appearing in (16. lip 
by a similarity transformation. This however will not affect the eigenvalues of A^^. Since our 
final result will be expressed in terms of the eigenvalues of A^^, the non-orthonormality of our 
basis vectors will not affect the result. 

To proceed we introduce a matrix A^i through 



M' = -iCi+Cl)ho + a''M 



1 ) 



(6.12) 



40 



where /40 denotes the 40 x 40 identity matrix. It is easy to see that in the hmit of large (i, (2 
the dominant contribution to the eigenvalues come from the first term. Let us denote by (3k 
for 1 < A; < 40 the 40 eigenvalues of the matrix Aii, and introduce variables A and / through: 

Ci = (/ + l)/a, C2 = A/a (6.13) 

Then the contribution to the heat kernel from the fermionic modes for Ci > l/*^; C2 > will 
be given by 

^a)(0; = -^-r-A + 2) / rfAAcoth(7rA)e-"('+^)'-^"^' ^e^"^^- . (6.14) 

1=1 k=l 

The overall minus sign reflects the fact that we are dealing with fermions. The normalization 
factor is fixed by noting that since the four gravitinoes represented by the sixteen component 
field ipf^ for < /x < 3 give effectively 4 x 4 = 16 Majorana fermions, and the dilatino, 
represented by the sixteen component field A, gives 4 Majorana fermions in four dimensions, 
we have in total 20 Majorana or 10 Dirac fermions in four dimensions. Thus the heat kernel 
should agree with that of 10 free Dirac fermions in the limit of small s when the effect of 
background flux can be ignored, i.e. sf3k can be set equal to 0. Comparing fl6.14p with f l3.25p 
we see that we indeed have the equivalent of ten Dirac fermions. 

The contribution from the Ci = l/c^, i-e. / = term has to be evaluated separately. For 
this the basis states used in the (16. 6p are not independent, since we have DaX = i^^aX- 
Using this we can choose the coefficients 65, ■ ■ ■ fog and 65, ■ ■ ■ 6g to zero in (16. 6p . Furthermore 
in eqs. (l6.7p we can make the replacement D^x ^^aX^ which amounts to replacing in 
(16. Sp the expressions for Bk by that of Bk + and of B[ by that of 5^ + ■^B'f,_^_^ for 

1 < k < 4 and then drop the expressions for -8^+4 and -8^+4 for 1 < A; < 4. This gives 
a 32 X 32 matrix M relating (Ai, ■ ■ ■ A4, A[, ■ ■ ■ A'^, B^, ■ ■ ■ B^, B[,--- B'^, Ci, ■ ■ ■ Cg, C^, ■ ■ ■ C'^) 
to (ai, ■ ■ ■ 04, a[, ■ ■ ■ a'^,bi, ■ ■ ■ h^, b'l, ■ ■ ■ 64, ci, ■ ■ ■ cg, c[, ■ ■ ■ Cg). Let us now define a matrix Aii 
through 

= -(a-2 + C|)/32 + a-^M, , (6.15) 

where I32 denotes the 32 x 32 identity matrix. If P^s are the eigenvalues of A^i then the 
contribution from the / = modes to the heat kernel may be expressed as 

<2)(0;^) = -r^ / rfAAcoth(vrA)e-^"-^"^'^e^"'^'=. (6.16) 
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We can combine ( I6.14p and fl6.16p to write 



kUO; s) + kUO; s) = kUO; s) + kUO; s) , 



(6.17) 



where 



1 „oo 40 

V(2/ + 2) / dXX coth(7rA)e-^"('+i)'-^"^' V e'^' 



1=0 

Im 



40 



dX X cot(7rA) / dXX coth(7rA)e-^"^'-^"^' V e'"^'=l'+i-^ 



E 

fe=i 



^f2)(0;5) 



1 



dXX coth(7rA)e 



32 



40 



s/3fc|;=o 



fc=l 



fc=l 



(6.18) 
(6.19) 



In the second step in fl6.18p we have used a trick similar to that described in ( 13. lip . f l3.12p to 
convert the sum over / to integral of A. 

We also need to compute the contribution due to the discrete modes described in fl2.28p . For 
this we set the fields A and ipa to 0, and expand iprn3.s in (16.61) with Cfc+4 = 2cfca, c'^^_4 = 2c^a 
for I < k < A, with C2 = V*^) Ci ^ l/*^) i-^- I > Oo It can be seen that with this choice Ai, 
A'j^, Bi, B[ computed from (16. 8p vanish and we have = 2Cfca, C[_,_4 = 2C^a for 1 < A; < 4. 
Thus we can express these relations as 







(cA 


C2 






C3 




C3 




= M 


C4 






4 








\C'J 







(6.20) 



for some 8x8 matrix M.. \i 13k denote the eigenvalues of 



a 



(6.21) 



-'^^This basis is still overcomplete since, as discussed in p.29p . the action of T3 on the basis states is fixed once 
we choose x to be Xfc (*) or vt (''')■ Thus we could work with either the C^'s or the Cj"s. But we shall proceed 
by including both sets and include a factor of 1/2 in the expression for the heat kernel. 
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then the contribution to K{0; s) from these modes is given by 



1=0 k=l 

8 



—^Im ciAA cot(7rA)e""-^"^' Ve'"^'=l'+i-5;. (6.22) 



""^ fc=i 
Finally the three sets of bosonic ghosts 6, c and e associated with gauge fixing of local 
supersymmetry, each of which gives rise to four Majorana fermions in four dimensions, con- 
tributes 



KLst = ^5^(2/ + 2)/ rfAAcoth(7rA)e-^-('+^)^-^-^^ 

1=0 



ghost ^2^4 



Jm / rfAAcot(7rA) / rfAA coth(7rA)e-""^'-^"^' , (6.23) 



JO JO 

to K{0;s). 

To evaluate the right hand sides of fl6.18p . (I6.19p . and (I6.22p we use the relations 



oo ^ oo ^ 

E = E E = E ) , (6.24) 

A; n=0 k n=0 

oo ^ oo ^ 

E = E ^'"^ E = E -y^-"^K-M?) . (6.25) 



ra! ^ — ' ^ — ' n 

k n=0 k n=0 



and 

E = E E = E 4^-"Tr(AT^) , (6.26) 



oo ^ oo ^ 



n! — ' — ' n\ 

k 71=0 k n=0 



Explicit computation gives 
Tr{Mi) = 

Tr{Ml) = 64 + 16(/ + 1)2-16A2 
Tr{Ml) = -144(/ + 1)2 - 144A2 

Tr{Mt) = 256 + 192(/ + 1)2 + 80(/ + 1)^-192A2 + 32(/+1)2a2 + 80A^ (6.27) 

Tr{Mi) = -8 

Tr{Ml) = 72-8A2 

Tr{Ml) = -152 - 120A2 

Tr{Mt) = 520 - 112A2 + 72A^ (6.28) 
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Tr{Mi) = -8 
Tr{Ml) = 8 + 8(/ + l)2 
Tr{Ml) = -8-24(/ + l)2 

Tr{Ml) = 8 + 48(/ + l)2 + 8(/ + 1)^ (6.29) 
Furthermore we also have the analogs of eqs.f l3.16l) and (13.171) : 

dX X coth(7rA) e-'^' A^" 

is-l-"r(l + n) + 2 y ^m i'^^ + ^n+iy. 2(™+n+l) 

2 ml 

C(2(m + n + l)). (6.30) 

Im / rfAA cot(7rA)e-'"^' A^" 







V'-T(l + „)+2V.-(5!i±^(2, 
2 ' /-^ ml 

C(2(m + n+l)). (6.31) 



Using these relations we get the following order s° contributions to various terms when ex- 
panded in a power series in s around s = 0: 



1 



1 



<w(0;.) : (6.32) 

Adding up all the contributions we get the net contribution to K{0; s) from the fermionic fields 
in the gravity multiplet: 



^'(0;^) = -7^- (6.33) 



31 

45^a4 

We now need to remove from this the zero mode contribution. Analysis of the zero modes in 
the fermionic sector requires special care. Among the / = modes in the first line of (16.221) we 
have four vanishing /3k giving a net contribution of — l/vr^a^. Thus naively we must remove this 
contribution from K{0] s). However a detailed analysis shows that although the matrix Ai^ 
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describing the square of the fermionic kinetic term has four eigenvectors with zero eigenvalues, 
the matrix Ai has only a pair of eigenvectors with zero eigenvalues. These eigenvectors are 

= a,{t + a,f' + tTsf'' + asTsf'f''){a~'rm + 2aMx- (6.34) 
The other two eigenvectors of A^^ which are not zero modes of Ai are 

= (^ + a3f^-^r3f^-^3r3f^r^)(a-^r„ + 2(T3D„)x, 

= a3(2-a3f4 + ^r3f5-a3r3f^f5)(a-ir„ + 2a3/^JX- (6.35) 
The action of Ai on these modes are given by 

>ieL'^ = -2^a-i^«, M^l^^ = 2za-'ijl^\ -M ^L') = 0, M^'^^=0. (6.36) 

From this we conclude that the contribution of only two of the four zero modes of A^^ will 
have to be removed from the contribution to -^'(O; s). This amounts to removing a factor of 
— l/27r^a^ from K{0]s). Subtracting this from (16. 33^ we get the net contribution to K{0;s) 
from the non-zero modes of the gravity multiplet fermions: 

(6.37) 

For later use it will be useful to find the physical interpretation of these zero modes. First 
we note that the zero modes satisfy the chirality projection condition: 

cr,T,f^f'^|;l|:^=^^/J^^\ asT,f'f'^^J;^ = -t^^J;\ forfc = l,2. (6.38) 

Choosing x = Xfe (*) iii (I6.34p and using fl2.29p and the fact that x has been chosen to satisfy 
r^^X = iX, we get 

V^i^) = (t-a;f''-f^-ta;)iTm + 2a;D„,)x, 

VL^) = a3{i + a3f^ + f^-icj3){Tm + 2asD^)x. (6.39) 

Thus we have ipm^ = —ipm\ i.e. they are not independent. A similar analysis for x = Vki''') 
will give ipm^ = ipm^ again showing that they are not independent. This allows us to keep only 
one of these modes, - we shall take it to be ^^-^'^ — i^jj^'^'' in both cases. Now one can show that 

e = 2{t- asf^ - tr^f' + a^T^f^f' + a; - tf^ + ^3X3?^ - tTsf^f'>)asX , 

YP- (F«r^ + Fj^^r^) e = (6.40) 
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Comparing this with the supersymmetry transformations laws for the gravitino and the dilatino 
in the convention of [16] 

= -\^''' iH"^^' + F%^^') e (6.41) 

where e is the supersymmetry transformation parameter and ■ ■ ■ denotes terms which vanish 
in the near horizon background geometry, we see that ip^^"^ — iipj^'^ is associated with a super- 
symmetry transformation generated by the parameter e. However since e is obtained by the 
action of F matrices on x'^i''-) or it is not normahzable. 



7 Zero mode contribution 



Adding fl5.45p and fl6.37p we get the net s-independent contribution to K{0; s) from all the 
non-zero modes: 

= (7.1) 



To this we must add the result of carrying out the zero mode integration. This was described 
for the gauge fields in appendix A of [46j ; we shall briefly review the argument since it can also 
be generalized to integration over the zero modes of the metric and the gravitino fields. 

Let Afj_ be a vector field on AdS2 x S'^ and (^^j, be the background metric of the form gj^J 
where a is radius of curvature of S"^ and AdS2 and gj^J is independent of a. The path integral 
over Afj^ is normalized such that 



J[DA^]exp - j d^x ^^g g^' A^A, 



I.e. 



[DA;\ exp 



1. 



(7.2) 



(7.3) 



From this we see that up to an a independent normalization constant, [-D^/^] actually cor- 
responds to integration with measure x '^('^^m(^))- the other hand the gauge field 
zero modes are associated with deformations produced by the gauge transformations with 
non-normalizable parameters: 5A^ oc d^K{x) for some functions A(x) with a- independent in- 
tegration range. Thus the result of integration over the gauge field zero modes can be found 
by first changing the integration over the zero modes of {aA^) to integration over A and then 
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picking up the contribution from the Jacobian in this change of variables. This gives a factor 
of a from integration over each zero mode of A^. Thus if there are N zero modes then we 
shall get a factor of . Of course is infinite, but it needs to be regularized by subtracting 
from it a term proportional to the length of the boundary of AdS2- We shall now describe two 
equivalent ways of computing A^: one is a somewhat indirect but useful method and the other 
is a more direct method, but involves a little bit of additional computation. 

First let us describe the indirect method. For a non-zero mode, the path integral weighted 

— 1/2 

by the exponential of the action produces a factor of Kn where k„ is the eigenvalue of 
the kinetic operator. Since «;„ has the form 6„/a^ where 6„ is an a independent constant, 
integration over a non-zero mode produces a factor proportional to a. Including the zero mode 
contribution to -ft'(0, s) is equivalent to counting the same factor of a from integration over 
the zero modes as well. Thus when we remove from the determinant the contribution due 
to the zero modes, we remove a factor of a for each zero mode. However the analysis of the 
previous paragraph showed that integration over the zero modes gives us back a factor of a. 
Thus the net effect of integrating over the gauge field zero modes is to cancel the effect of 
the subtraction of the zero mode contribution from -ft'(0; s). In other words the net effect of 
integration over the six gauge field zero modes amounts to effecively adding a contribution of 
6/87r^a^ to K{Q\ ■s)-^ Using fl3.26p we see that this corresponds to a contribution of —6 In a in 
the entropy, i.e. — In a for each gauge field. 

Next we shall describe a direct method for evaluating the zero mode contribution from the 
gauge fields which does not make any reference to the result on integration over the non-zero 
modes. Let fm denote the normalized zero mode wave functions of gauge fields on AdS2 given 
in (12. 6p . Then the total number of zero modes may be written as 

I dedWdetg^,s,9ZsJ^^*fi'\ (7-4) 

where gAdS2 is the metric on AdS2- We now use the fact that ^igAdS2f™^* f^^^ must be 
independent of the AdS2 coordinates [r], 9) since AdS2 is a homogeneous space. Thus we can 
evaluate this at 77 = 0. In this case only £ = ±1 modes contribute, leading to the result 
l/(27ra^). Integrating this over AdS2 with a cut-off 77 < ?7o, we get the result 

27ra2(coshr/o - 1) • (7.5) 



2-Ka' 



-'^^Note that this is not the actual modification of the heat kernel, but represents the effective contribution to 
be added to if (0; s) that reproduces, via p.26|) . the net contribution to the one loop determinant due to the 
zero modes. 
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The term proportional to cosh r/o can be interpreted as a shift in the ground state energy. Thus 
we are left with an effective contribution of —1. From this we conclude that for every gauge 
field the integration over the zero modes gives a factor of to e"^^^, i.e. —In a to the black 
hole entropy. 

The effect of integration over the zero modes of the fluctuations h^y of the metric (including 
those of the SU(2) gauge fields arising from the dimensional reduction of the metric on S"^) 
can be found in a similar way, with (17. 2p . (17. 3p replaced by 



/ 



[Dh^,y\ exp 



I.e. 



[Dh^^] exp 



- / d^x Vdetg(o)g'''>^^^''g'^^^P'^h^^K^ 



(7.6) 



(7.7) 



Thus the correctly normalized integration measure, up to an a independent constant, is 
rii: (^i/) We now note that the zero modes are associated with diffeomorphisms with 
non-normalizable parameters: /i^jy oc D^j^^^, + DyS,^!-, with the diffeomorphism parameter ^^(x) 
having a independent integration range. Thus the a dependence of the integral over the metric 
zero modes can be found by finding the Jacobian from the change of variables from h^y to 
Lowering of the index of gives a factor of a?, leading to a factor of a? per zero mode. 
On the other hand following the same logic as in the case of gauge fields we find that the 
removal of the integration over the metric zero modes from the heat kernel removes a factor of 
a per zero mode from the integrand. Thus the effect of integration over the metric zero modes 
will be to add the double of the contribution that one removes. Since we had removed from 
-^'(O; s) a contribution of 3/87r^a^ + 3/87r^a^ = 6/87r^a^ (see eq. (]5.44p ) we need to add a factor 
of 12/87r2al 

Finally we turn to the fermion zero modes|ll| The normalization of the zero modes is 
determined from 



d^x ^/detg g'^'i^^^i'y 



{11 



I.e. 



[D^^][DV^^]exp 



d^x Vdet ^(0) 



(7.9) 



"'^^Naively integration over the fermion zero modes will make the integral vanish. However it was shown in j54j 
using localization techniques that the zeroes due to the fermionic zero mode integrals cancel the infinities coming 
from integration over the bosonic zero modes of the metric. 
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indicating that aip^ and aip^ are the correctly normahzed integration variables. As discussed 
in the previous section, the fermion zero modes are associated with the asymptotic supersym- 
metry transformations, with the anti-commutator of a pair of supersymmetry transformations 
generating a diffeomorphism with parameter eF'^e. Since ~ a^^, and since eF^e has a- 
independent integration range, we see that the correctly normalized e is eo = a^^^^e for which 
the supersymmetry algebra generated by eo and does not involve any a dependence. Thus 
integration over each if)^ zero mode is equivalent to integration over a'lp^ ~ a^^"^ eo, producing 
a factor of a~^/^. On the other hand a non-zero mode of the fermion will produce a factor of 
a^^/^ after integration since the kinetic operator of the fermion is of order a~^. Thus removing 
a fermion zero mode contribution from the heat kernel removes a factor of a~^/^ for each zero 
mode. Thus the effect of integration over the fermion zero modes is to add back three times the 
amount we remove from the heat kernel while removing the fermion zero mode contribution. 
This gives a net contribution of — 3/27r^a^ to the effective heat kernel. 

Adding up the contribution from all the zero modes we see that the net effect of integration 
over the zero modes is to effectively add a factor of 

+ ^7-^-7^ = 730-7, (7.10) 



STT^a^ 87r2a4 2ii'^a'^ An^a^ 

to K{0; s). Note that the contribution from the graviton and the gravitino zero modes cancel 
- the final result S/An^a^ is the contribution of the six gauge fields in the gravity multiplet. 

Adding (17.101) to the contribution (17. ip due to the non-zero modes we get the net contri- 
bution to the effective heat kernel to be 

+ T^ = 0. (7.11) 



This is perfectly consistent with the microscopic result (II. ip . 

8 Af = 8 black holes 

In this section we shall briefly describe the analysis of logarithmic corrections to the entropy of 
1/8 BPS black holes in TV = 8 supersymmetric string theories obtained by compactifying type 
JIB string theory on T^. For this we first note that there is a consistent truncation of A/" = 8 
supergravity to A/" = 4 supergravity by projecting on to the (—1)^^ even states in which we 
set all the RR and R-NS sector fields to zero. Using this embedding of the M = A supergravity 
into A/" = 8 supergravity, the quarter BPS black hole m M = A supergravity that we have 
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already analyzed can now be regarded as the 1/8 BPS black hole in the A/" = 8 supergravity. 
Since the projection on to the Af = 4 supergravity is a consistent truncation it is guaranteed 
that at the quadratic level, the fluctuations of the additional fields in the (—1)^^ odd sector 
does not mix with the fiuctuations of the fields in the (—1)'^^ even sector. Thus the one loop 
effective action of full A/" = 8 supergravity receives the contribution already computed for the 
J\f = 4 black holes plus an additional contribution from the determinant of the (—1)^^ odd 
fields. 

We begin with the contribution due to the extra bosons. There are sixteen gauge bosons, 

- one from the ten dimensional gauge field and fifteen from the components Cmnfi of the 
3-form field with m,n along and fi along AdS2 x S'^. There are also thirty two scalars, 

- six from the components Am of the ten dimensional gauge field along T^, twenty from the 
components Cmnp of the 3-form field along and six from dualizing the components Cm/iu of 
the 3-form field. These fields can be labelled as (pir and 02,- with 1 < r < 16, and, in the 
Feynman gauge, the quadratic terms in the action in the near horizon background geometry 
takes the form: 



/p^ 16 ^16 



'■>2r 



r=l 

8 
r=l 



'■>2r V2r 



16 



'Ir Vlr) 



r=9 



This has the same structure as the bosonic part of the matter multiplet fields analyzed in P6] 
except that for 1 < r < 8 only the components of the gauge fields along S'^ and the scalar 
fields (f)2r are affected by the background flux, while for 9 < r < 16 only the components of the 
gauge flelds along AdS2 and the scalar flelds 01,. are affected by the flux l^ Thus the analysis 



^^This is not an accident but follows from the following considerations. We could have gotten an A/" = 4 
supergravity theory from the original Af = 8 supergravity by projecting out all fields which are odd under Z4 



where I4 represents the transformation that changes the sign of the coordinates x , ■ 



The eight vectors 



Cmnfj,, C^bii and with 6 < m, n < 9, < /i < 3 and the sixteen scalars C„m4, Cmnb, -^4, ^5 and the duals 
of C^fj^^, C^fj^i, survive the projection. Four of the gauge fields and the 16 scalars will form part of the bosonic 
sector the four matter multiplets. For completing the matter multiplets we need eight more scalars which will 
come from the components of the NSNS 2-form field and the metric along 6789 directions, but from the analysis 
of [13] we know that these describe free scalars in ^4^52 x S*^ background. Thus the net contribution from 
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proceeds as in |16] and we find, after including the contribution due to the ghosts, that the 
net contribution to the heat kernel is given by 



8 8^L&(0;5)^|.(0;5) + 



1 



)} 



(8.2) 



The small s expansion of this can be found by standard methods described earlier and we get 
the s independent contribution to (18. 2p to be 



Next we consider the contribution from the extra fermion fields. These fields can be labelled 
by (0 < /i < 3), A' and fr{4:<r<9) where for each fi and r, ■i/'^ and ip'^. are 16 component 
right handed Majorana-Weyl spinor of the ten dimensional Lorentz group, and A' is a 16 
component left-handed Majorana-Weyl spinor of the ten dimensional Lorentz group. Physically 
ijj'^ and (fil are the four dimensional and internal components of the ten dimensional gravitino 
arising in the R-NS sector. In the presence of the background field, the quadratic action of 
these fermionic fields can be obtained by the dimensional reduction of the ten dimensional 
action of type II A supergarvity. The result is: 



where the last term in the first line is the gauge fixing term. This also leads to ghosts which 
have the same action as given in the last two terms in (14.131) . except that the new ghost fields 
b', c' and e' have opposite ten dimensional chirality compared to the superghosts b, c and e 

the eight vector and sixteen RR scalar fields to the heat kernel will be given by that of four matter multiplets 
of A/" = 4 supergravity minus eight free scalar fields. The four remaining gauge fields will describe the four 
non-interacting vector fields of the gravity multiplet, and their contribution to the heat kernel will be given 
by that of four vector fields in AdS2 x S"^ as given in (|5.4|) . For the RR fields which are odd under I4 we can 
repeat the argument by using projection by the operator (—1)^^ x I4, - this will pick the complementary set. 
Thus in total the contribution to the heat kernel will be given by that of the bosonic sector of eight matter 
multiplets of the Af — A theory, plus that of eight free vector fields minus that of sixteen free scalar fields on 
AdS2 X S^. This is precisely ([5^^ . 



L ^—4 




(8.4) 
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respectively of = 4 supergravity. Using (14. 6 p we can express (18.41) as 

IT- 1 - - ^ 

As in (16 -ip we shall express this as 

9 1 



(8.5) 



where 

^(5) 



v2a 



iPs- + 0-3 PAdsM + {-T-'^P'm + - V^A' 



(8.7) 



The fields V'g' ' ' ' V'g represent free fermions in AdS2 x S*^ background, and the net contri- 
bution from these fields to the heat kernel is given by |46] 



poo ^ 

/ dXX coth(7rA)e-^"^' ^(2/ + 2)e-^"('+^ 

•^0 1=0 



180 



-2 ' Ois'] 



The overall normalization is fixed by noting that each of the y^^'s represent four Majorana 
fermions in four dimensions. Thus altogether we have 16 Majorana or equivalently eight 
Dirac fermions. The overall minus sign is a refiection of the fact that the path integral over the 
fermions gives the determinant of the kinetic operator instead of the inverse of the determinant. 
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For computing the contribution from the other fields we expand them as in (16 .Op 



A' = aix + a2a^x 

Ip'^ = CiT„a + C2asTrra + CsCTsDmX + C^DmX 

¥^5 = {9iX + 92(y:iX) 



[8.9) 
i.lO) 



where Oj, 6j, q, hi and Qi are grassman parameters and x is the product of an arbitrary spinor 
of the 50(6) Chfford algebra generated by V^, ■ ■ ■ F^, xtm Vhn) defined in (I2.16p and X^W 
(or ^^^(A)) defined in (I2.20p . x satisfies 



Ps^X = <i X, pAdSiX = <2 X, Ci > . 
As in (16 -Tp . we expand }C^^\ ■ ■ ■ IC^^^ as 



AiX + v42Cr3X 

BiTaX + B2cr3,TaX + B-iDaX + B^a-iDaX 

CiTmX + C'2(T3FmX + C^a-iDmX + C4:DmX 

TsiHix + H2a3x) 



(8.11) 



(8.12) 



Explicit computation yields 



A2 

Bi 

B2 
B3 
B, 



1 . ^ 
hi + -^92 



\/2a 

<2ai - <ia2 + —?=-h2 + —?=-9i 
v2a v2a 

1 X X X^X^Xz 



<1&2 + ^ClC2&3 - \clhA + <1C2 - ^ (^Cs + ^ 
<2&4 - 2Ci - <2C3 
<2&3 - 2C2 - iC2C4 



1^ ^ 1 , ^ 

C3 - 7TC1C2C4 + — /i2 - TT^l 

2 2a 2a 



-<262 + 2 ( Cl^ 



-C1C2&4 — '*C2C2 C1C2C3 H — C9C4 H /ii -92 

2SiS2 4 S2 2 2''^''^ ^ 2^ 2a 2a 
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C2 

C4 

G2 



2&2 + iCih - <iC3 
-2bi - iCih + <iC4 

iCihi - iC,2h2 i=-ai 

v2a 



-61 



1 2 1 1 

^4 - <2Cl + -C2C3 + 2C1C2C4 + ^/i2 



TrCih + -ci + — C2C3 
2a a 2a 



2a 



91 



1 1 i 1 i 

-iC2hi - i(ih2 y=-a2 + -62 + TrCih + -C2 + 7^C2C4 

^y2a a 2a a 2a 



i(i9i + K292 
K291 - <lfl'2 



% 2 1 % \ 

—^a2 62 + TrCih C2 + — C2C4 

y/2a a 2a a " 



1 1 \ 1 

— =-ai + -61 - — C1&3 - -Ci 
y/2a a 2a a 



2a 
1 

2a 



C2C3, 



(8.13) 



We can express this as 







fa\ 


B 




b 


C 


= M 


c 


H 




h 


\Gj 




[9/ 



(8.14) 



A4 being a 14 x 14 matrix. Let us also introduce a matrix Aii through 



(8.15) 



where /14 denotes the 14 x 14 identity matrix, and denote by Pk for 1 < A; < 14 the 14 
eigenvalues of the matrix A^i. Then following the logic leading to fl6.14p one can show that 
the contribution to the heat kernel from the fermionic modes for > 1, i.e. / > 0, will be 
given by 

^) = + 2) / rfAAcoth(vrA)e-^"('+^)^-"^^ ^e^"^'^ , (8.16) 

^ 1=1 k=i 

where / and A are related to (i and (2 via 

|Ci| = (/ + l)/a, C2 = A/a. 



^.17) 



The overall normalization is fixed by noting that ip'^, for r = 4, 5 and A' altogether has 
degrees of freedom equal to that of (4 + 2 + 1) x 4 = 28 Majorana fermions or equivalently 14 
Dirac fermions. 

The contribution from the |Ci| = 1/a, i.e. / = term has to be evaluated separately following 
the same logic that lead to (I6.16p . We choose the coefficients 63 and 64 to be zero and replace 
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in ( I8.13P the expressions for Bk by that of Bk + j^Bk+2 for /c = 1,2. This leads to a 12x12 
matrix M.. We now define a matrix M.i through 

= -(a-2 + Cl)h2 + a-^Mi , (8.18) 

where I12 denotes the 12 x 12 identity matrix. If /3fc's are the eigenvalues of Aii then the 
contribution from the / = modes to the heat kernel may be expressed as 

1 



d\\ coth(7rA)e' 



12 

fe=i 



We can combine ( I8.16P and fl8.19p to write 



kUO; s) + kUO; s) = kUO; s) + kUO; s) , 



where 



27C 

1 



— V(2/ + 2)/ dAAcoth(7rA)( 

'^a^ In 

1=0 



s(/+1)2-sA2 



^.19) 



^.20) 



14 



k=l 



Im 



(iAAcot(7rA) / dAA coth(7rA)e" 



-sX^-sX- 



14 

E 

k=l 



12 



14 



,s/3fc|;=o 



(8.21) 
(8.22) 



rfAAcoth(7rA)e-'""'"^ 

_k=l k=l 

We also need to compute the contribution due to the discrete modes described in fl2.28p . 
For this we set the fields A', ip'^, 994 and ip'^ to 0, and expand ip'm in (18. 9 p with Ck+2 = '^Cka 
for k = 1,2, with (2 = i/d, |Ci| ^ l/'^; / > 0. It can be seen that with this choice Ai, Bi, 
Hi, Gi computed from (I8.13P vanish and we have Ck+2 = 2Cka for 1 < A; < 2. Thus we can 
express these relations as 



C2 



M 



(8.23) 



for some 2x2 matrix Ai. If /3a: denote the eigenvalues of a'^{Ai'^ + iCi ~ then the 

contribution to K{0] s) from these modes is given by 

00 2 



<3)(o;^) 



27r2a4 



5];(2/ + 2)e^"-^"('+i)'5^, 



1=0 



k=l 



Im / rfAA cot(7rA)e'"-'"^'^i 



k=l 



(8.24) 
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Explicit computation using f l8.13p gives /3i = /32 = — 1. Hence we have 

^/^(O; s) = ^ Im d\X cot(7rA) e"""^' . (8.25) 

Finally the three sets of bosonic ghosts 6', c' and e' associated with gauge fixing of lo- 
cal supersymmetry, each of which gives rise to four Majorana fermions in four dimensions, 
contributes 



2 ^ j-OO 

IT Qj In 

1=0 -^^ 



Im / ciAAcot(7rA) / ciAA coth(7rA)e-^"^'-^"^' , (8.26) 



^0 



to K{0;s). 

To evaluate the right hand sides of fl8.2ip and (I8.22p we use the relations 



oo ^ oo ^ 

E ^''^ = E E = E -^^Tr{M-,) , (8.27) 



ni ^ — ' ^ — ' n\ 

n=0 k n=0 



oo ^ oo ^ 



E ^''^ = E ;;T^"" E = E ^s^'TriM-,) . (8.28) 

k 

Explicit computation gives 



n\ ^ — ' ^ — ' n\ 

k n=0 k n=0 



Tr{Mi) = 

Tr{Ml) = -8 + 16(/ + 1)2-16A2 

Tr{Ml) = -6(/ + 1)2-6A2 

Tr{Mt) = 8-16(/ + 1)2 + 40(/ + 1)^ + 16A2-48(/+1)^A2 + 40A^ (8.29) 

Tr{Mi) = -2 

Tr{Ml) = 6-16A2 

Tr{Ml) = -8-6A2 

Tr{Mt) = 30 - 32A^ + 40A^ (8.30) 

Following the procedure of §6] we can now carry out the small s expansion of the heat 
kernels. We get the following contribution to the order s° term in the small s expansion of 
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various terms: 



1 



<w(0;^) : (8.31) 

Adding up all the contributions in eg. (18. 31 p and the contribution from (18 .Sp we get the net 
contribution to K{0; s) from the extra fermionic fields of A/" = 8 supergravity: 

^^(0;^) = 7F^- (8-32) 

Adding ( ]8.32p to the bosonic contribution (18. 3 p we get the net contribution to the order s° 
terms in the heat kernel from all the extra fields appearing in A/" = 8 supergravity: 

1 



1 



(8.33) 



It is also easy to see that the only zero modes among these extra fields arise from the 
gauge fields. In particular there are no fermion zero modes since both the /S^s in (I8.24p take 
the value —1 for / = 0. Now we have already seen that for the gauge fields the integration 
over the zero modes gives us back the same result that we remove from the heat kernel. Thus 
removing the zero mode contribution of the sixteen gauge fields from the heat kernel and then 
including the contribution due to the zero mode integrals does not give any net contribution, 
and (I8.33P represents the net extra contribution to the heat kernel from the extra fields of 
M = 8 supergravity. Since for the A/" = 4 supergravity the net s independent contribution to 
the effective heat kernel vanished, (I8.33P represents the net contribution in A/" = 8 supergravity. 
According to (I3.26P this gives a logarithmic correction to the black hole entropy of the form: 

-41na2 = -21nA. (8.34) 

This is in perfect agreement with the microscopic answer (II. 2p . 

For identifying separately the contributions from the zero modes and the non-zero modes 
we note that the A/" = 8 supergravity has 28 gauge fields whose zero mode contribution to 
the entropy is —28 In a = —7 In A. This represents the net zero mode contribution since 
the contribution from the graviton and the gravitino zero modes cancel. The rest of the 
contribution 5 In A comes from non-zero modes. 
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9 Half BPS black holes in STU model 



Our analysis also gives the result for logarithmic corrections to the entropy of half BPS black 
holes in the STU model [STIISB] which has been studied recently in [Sni[T21[Z3] in the context of 
black hole entropy. The STU model is constructed by beginning with type IIA string theory 
on X and taking an orbifold of this theory with a x ^2 group. The first acts as 
(—1)^^ times half a unit of shift along one of the circles of and the second acts as X4 times 
a shift along the second circle of where X4 denotes changing the sign of all the coordinates 
of T^. If we label the two circles of by and then the black hole solution described 
at the beginning of ^survives the orbifold projection and hence continues to describe a black 
hole solution in this theory. The first projection removes from the spectrum all the masless 
RR and R-NS sector states and hence the low energy theory is an A/" = 4 supergravity theory, 
- with a structure identical to that of heterotic string theory on except that the sixteen 
matter multiplet fields associated with the dimensional reduction of ten dimensional x 
gauge fields are absent. The action of the second ^2 orbifold projection breaks the = 4 
supersymmetry to M = 2. Under this a matter multiplet of A/" = 4 supergravity decomposes 
into a vector multiplet and a hypermultiplet, and we need to examine which components of the 
fields survive the projection. Similarly the gravity multiplet fields of the A^ = 4 supergravity 
decompose into different supermultiplets of A/" = 2 supergravity, and only some of these survive 
the orbifold projection. 

For later use it is useful to note that in the fermionic sector the orbifold operation projects 
onto modes which are even under the action of Y^'^'^'^ accompanied by (x®, ■ ■ ■ x^) — ?■ (— x^, ■ ■ ■ — 
x^). Using the ten dimensional chirality of A and the ten dimensional gravitino field i\}m 
(0 < M < 9), this condition translates to 

0-3X3? = i^y^ , Cr3r3f'^f ^^4,5 = #4,5 , '73l"3r'^r^V'6,7,8,9 = -^V'6,7,8,9, asTsf "^f^A = -ik , 

(9.1) 

together with similar projection on the ghost fields. 

Let Gmn and Bun be the ten dimensional metric and NSNS 2-form fields. We begin with 
the two matter multiplet fields of A/" = 4 supergravity whose vector fields come from (74^ — Ba,^ 
and — B^^^. Their scalar partners are G44, 6*45, 6*55, -B45, G^rn — B^m and G^m — B^^n for 
6 < m < 9. Under the orbifold projection the two vector fields as well as the scalars (J44, 6*45, 
G55, -B45 survive, but the rest of the scalars are projected out. The surviving fields belong to 
two vector multiplets of A/" = 2 supersymmetry. The contribution to the heat kernel from these 
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scalar and vector fields and the ghosts associated with the vector fields can be read out from 
the results of [16]. The vector couples to the two scalars due to the presence of the background 
fiux and the net contribution to the heat kernel from the bosonic fields (including the ghosts) 
is given by 4K^{0; s). There are zero modes of the gauge fields whose contribution needs to be 
removed from this and then added separately, but as we have seen before, this does not change 
the result. 

The fermionic components of these two matter multiplets come from the components tp^ 
and 1^5 of the ten dimensional gravitino. As was shown in [36], acting on these fermions, the 
kinetic operator takes the form: 

Ps^ + as PAds, - \ a-' ra - ^a'^ . (9.2) 

It follows from (19.1 p that acting on the fields 1^4,5 the last two terms in (19. 2p cancel and the 
kinetic operator reduces to + 0-3 ]^AdS2i i-^- that of a free fermion in 74^5*2 x S"^. The heat 
kernel of this is given by 1/8 of the contribution shown in (18. 8p . Adding this to the bosonic 
contribution 4if^(0; s) given in (13.201) we get the net contribution to the heat kernel from each 
of the vector multiplets to be: 

^vector S) = \—r + ^—r + ■ ■ ■ = \—r + ■■■ . (9.3) 

This corresponds to a correction of — ^InA per vector multiplet, i.e. a total of — j^^lnA to 
the black hole entropy from the two vector multiplets coming from the two matter multiplets 
of A/" = 4 supergravity. 

Next we turn to the four matter multiplet fields of A/" = 4 supergravity whose vector fields 
come from Gm/x ~ -^m^t where m is along and /i is along the non-compact direction. Their 
scalar components are Gm„, -Bmn, GmA — -Bm4 and G^s — -Bm5- Under the orbifold projection 
the scalars Gmn, Bmn survive but the vector fields as well as the scalars Gmi — B„ii and 
Grab — Bm5 are projected out. This corresponds to removing the vector multiplets and keeping 
the hypermltiplet fields. Since the net contribution to K{0; s) from a hypermultiplet and 
a vector multiplet vanishes, we could directly conclude that the hypermultiplet contribution 
to K{0] s) will be negative of the contribution (19. 3p from the vector multiplet. However it is 
instructive to carry out the computation directly. For each hypermultiplet we have four scalars 
without any coupling to the background gauge fields, and their contribution to the heat kernel 
is given by 4A'*(0; s). In the fermionic sector we have the fields ipQ, ■ ■ - ipg subject to the orbifold 
projection (19. ip . This makes the contribution from the last two terms in ( 19. 2p identical, and we 
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can express the operator as + o"3 V^Ads^ ~ '^"^ ra. We need to compute its determinant 
on the subspace of states subject to the projection (19.11) . Now note that since 0-3 tsF^ anti- 
commutes with the projection operator it takes a state satisfying the orbifold projection to 
a state satisfying the opposite projection and vice versa. Since it also anti-commutes with 
the kinetic operator ^52 + 0-3 Jf) Ads-i — ^a^^ T^^s, the action of o'arar'^ changes the eigenvalue 
of the kinetic operator. Thus we see that the matrix representing the kinetic operator in the 
subspace satisfying opposite projection is just the negative of the kinetic operator acting on the 
subspace satisfying the correct projection. Thus we could evaluate the determinant ignoring 
the projection condition and then take the square root of the modulus of the determinant. We 
now note that in the unprojected space the operator — i ra anti-commutes with the 

operator as l/>AdS2- Thus the squares of the eigenvalues of ^52 + ^AdSi ~ c^^^ rs will be 
given by the sum of the squares of the eigenvalues of ^52 —% and pAdS2 ■ Of these pAdS2 

has eigenvalues ±za"^A. On the other hand since ps^ h^is eigenvalues ±ia~^(/ + 1) and 
has eigenvalues ±1, and they act on independent spaces, the eigenvalues of -^52 — ia'^T^r^ 
are given by ±ia^^{l + 1 ± 1) with / = 0, 1, ■ ■ ■ 00. This gives the net contribution to K{0] s) 
from the fermionic components of the hypermultiplet to be 



1 



27r2a4 



e xoo POO 



Im I dAAcothvrA / rfA A cothvrA e~''^'~'^' 



g— s— 2sA _|_ s+2sA 



(9.4) 



We can evaluate this by expanding the term in the square bracket in a power series in s, or by 
shifting the sum over I as in [36] . Both ways give the same result and adding this to the scalar 
contribution 4/^^(0; s) we get the contribution to the heat kernel from each hypermultiplet 
fields to be 

K^Vper^O-, ^ = + _ (9.5) 

487r^a* 

This corresponds to a correction of ^InA per hypermultiplet, i.e. a total of |lnA to the 
black hole entropy from the four hypermultiplets coming from the matter multiplets of TV" = 4 
super gravity. 

Finally we have to compute the contribution from the fields which survive from the gravity 
multiplet of A/" = 4 supergravity. In the bosonic sector the four gauge fields Gm^i + for m 
along are projected out but all other fields survive. Thus we need to remove the contribution 
given by (15. 4p together with a contribution of — 8i^'^^^^^^2(0; s) representing the contribution 
of the eight ghost fields associated with these four gauge fields. The small s expansion of this 
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is given by |I6] : 



1 16 2 1 1 2 ^ 1 A 31 2 , 

1 + 77^ - o - 7^^ + ■ • ■ = U + 7^^ + ■ ■ ■ ' (9-6) 



TT^a^gS \^ 45 2 90 / vr^a^s^ ' 90" 

where the —1/2 — s^/90 is the contribution due to the ghosts. Of these 4/87r^a'^ can be 
identified as the contribution due to the gauge field zero modes. Thus the net non-zero mode 
contribution from these four gauge fields is 31/907r^a^ — l/27r^a^ = — 7/457r^a^, - this needs 
to be removed from the non-zero mode contribution fl5.45p from the gravity multiplet of full 
Af = 4 supergravity. Thus the net s-independent contribution to the heat kernel from the 
bosonic non-zero modes oi Af = A gravity multiplet which survive the orbifold projection is 
given by: 

' (9.7) 



1807r2a4 457r2a4 1807r2a4 
The fermionic components of the A/" = 4 gravity multiplet are given by ip^j^ and A, but we 

need to work in the subspace of these fermions which satisfy the conditions (19. ip . This requires 

us to impose the following restriction on the various coefficients appearing in §6) 



04 = 


i Oi, 


0-3 = - 


-ia2, 


04 = 


= ia'i, 


a'3 = 


—i a' 


64 = 


-ibi, 


h = 




bs = 


-ih^, 


br = 






-tb[, 


bs = 


ib'2, 


bs = 


-^b'„ 


b'r = 




C4 = 


-ici, 


C3 = 




C8 = 




C7 = 


ICQ 




-i c[, 


4 = 


■ 1 

I C2, 


/ 

Cs = 




4 = 


icQ. 



(9.8) 

Furthermore after the action of the kinetic operator on the fields the result will be a fermion of 
opposite chirality and hence the coefficients Ai, A[, Bi, B[, Ci, C- are no longer all independent. 
This allows us to remove half of these coefficients and keep Ai, A[ for i = 1,2 and Bi, B[, Ci, €[ 
for i = 1, 2, 5, 6 as the independent constants labelling the state obtained by the action the 
kinetic operator on the fields. This essentially halves the dimensions of all the matrices Aii, 
Ail and Ail appearing in ^ The rest of the analysis proceeds exactly as in ^ and we find 
the following results for the traces of the various matrices: 

Tr{Mi) = 16 

Tr{Ml) = 64- 32(/ + 1)2 -32A2 
Tr{Ml) = 256 - 192(/+ 1)2-192A2 

Tr{Ml) = 1024 - 1024(/ + 1)2 + 128(/ + 1)^- 1024A2 + 256(/ + 1)2A2 + 128A^ 

(9.9) 
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Tr{Mi) = 8 

Tr{Ml) = 16-16A^ 

Tr{Ml) = 32 - 96A^ 

Tr{Ml) = 64 - 384A2 + 64A^ (9.10) 

Tr{Mi) = 

Tr{Ml) = 

Tr{Ml) = 

TriMl) = 0. (9.11) 

This in turn gives the following order terms in the small s expansion of various parts of the 
fermionic heat kernel: 



(1)^ ' ' 1447r2a4 



11 



5 



K^.Ms) . (9.12) 

Adding up all the contributions and subtracting the zero mode contribution — 1/271^0^ we get 
the net contribution to -ft'(0; s) from the non-zero modes of the surviving fermionic fields in 
the Af = 4 gravity multiplet after the orbifold projection: 

KUO;s) = ^^ + ---. (9.13) 

^ ' 3607r2a4 ^ ' 

Adding this to (19. 7p we get a net contribution of — 17/2471^0^ from the non-zero modes. On 
the other hand the zero modes of two gauge fields, the metric and the gravitino gives a net 
contribution of 

^ + ^^ ^ = ^ (914) 

87r2a4 87r2a4 2TT^a^ Air^a^ ' ^ ' ' 

to the effective heat kernel. Adding this to the sum of (19.71) and (19.131) we get 

-24^- '■'■''^ 



5 
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leading to a correction of y| In A to the entropy. Adding this to the contribution of | In A 
from the four hypermultiplets and — ^ In A from the two vector multiplets we arrive at a net 
correction of 

In A, (9.16) 

to the entropy of a half BPS black hole in the STU model. 

We can identify separately the zero mode and the non-zero mode contributions by noting 
that the four gauge field zero modes give a contribution of — In A and the contributions from 
the metric and the gravitino zero modes cancel. The rest of the contribution 2 In A comes from 
the non-zero modes. 

Finally we note that the analysis of this section can be extended to any M = 2 supergravity 
theory whose low energy effective action can be obtained by a consistent truncation of the 

= 4 supergravity action in which two of the six vector fields of the gravity multiplet survive. 
In that case we can consider a black hole solution whose electric and magnetic charges are 
carried by these vector fields and the analysis of logarithmic corrections proceed in an identical 
manner. The FHSV model of [71] is another example of such a model. 
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